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Laplace Transforms

f(t)> f(s)=L[f®]=], f(He™dt Definition of the Laplace transform
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Transfer functions — 1

The application of the Laplace transform to linear odes results into a system of algebraic equations which
provide a relationship between the inputs and the outputs of a given process.

For a SISO system _ f(t) | process | y(t) |
(ode)
described by the following edo equation written in terms of deviation variables ( ’ is eliminated)
n n-1 d d2 dn—l
a — a bf (t ' 0)=
e Al Ferreg At +a1 Y ray=bf(t) with y(0) al dtzy dt_ly
The application of the Laplace transforms gives:
a,s"y(s)+a,, 8" y(s)+...+asy(s)+ay(s)=bf (s)
y(s)(a,s" +a,,"" +...+as+a, ) =bf (s)
output _ ¥(s) b
G(s = .
(s)= input f(s) as +a s +..+as+a Transfer function
The transfer function G(s) relates in a simple algebraic
f(s) _
dG(s) YL y(s)=G(s)f(s) form the output of a process to its input




Transfer functions — 2

- - - n n-1
For a process with two inputs and a single output anﬁyﬂ“an_l%yh*al%ywoy=b1f1(t)+b2 f(t) +ic
_fJL, y(t) y(s): by f (S)+ b, f (S)
e process as"+a S +..+as+a, '~ as"+a St +..+as+a,
2

y(s)=Gi(s) fi(s)+G,(s) f.(s)
— 1250 Gy(s)

b,
G (s)=
%L(Sz 1(9) as'+a s +..+as+a,
b
_ B g ye) + G,(s)= =y

n
as"+a S"+..+as+a,

The transfer function G,(s) relates y(s) to f;(s) and G,(s) relates y(s) to f,(s). A similar procedure can be
applied to any system with one output and several inputs

M Gy(s) ransfer function G (s) _ Laplace transform of the output (deviation form)
~ Laplace transform of the input (deviation form)
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For n inputs ’
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Transfer functions — 3
Poles and zeros of a transfer function

y(s) The transfer function G(s) is the ratio of two polynomials
G(s) :ﬁ (with the exception of systems with dead time) G(s)=—=

The roots of the polynomial Q(s) are called zeros of the transfer function (or zeros of the system).
The roots of the polynomial P(s) are called poles of the transfer function (or poles of the system).

The poles and zeros of a system determine the process dynamics and play a paramount role in the design of
effective controllers.

For practical cases, the order m of the polynomial Q is < of the order n of the polynomial P.

In summary the transfer function G(s)
a) allows for the development of input-output models;

b) describes the dynamic behaviour y(s) when f(s) is known (to get y(t), the inversion of the Laplace
transform should be made).

To get the transfer function on non linear systems, linearization is required (always deviation variables)



Transfer functions — Example #1

Isothermal CSTR with volume and volumetric flow rate at constant values

F, Cao
v M CAO > Process CA > SISO
A->B | F ca .
% %CA =Fc,,—Fc,—kvc, +c,(0)=0 already in deviation variables
/ Laplace transform

sVC, (S)+Fc,(s)+kVe,(s)=Fcu(s)

CaolS) (s)
O L T Al e

Vs+ E +kV| A




Transfer functions — Example #2

Isothermal CSTR (constant V and F)

F1, Cana F>) Caoy
! ‘ l _ G
DX Cao2 |
A->B | F=Fi+F;
Chn

Process

Ca MISO

Gy(s)

G,(s)

\% %CA = FCho1 + FxCap, —(F + F,)cs —kVe, +¢,(0)=0 in deviation variables
/ Laplace transform
(Vs+F +F, +kV)c,(S)=FCuoi(S)+ FCan (S) Cao1(8)
_ Fl FZ
Ca(8)= Vs+F, +F, +kV Coos(3) + Vs+F +F, +kV Croz () Caoa(S)
G,(s) G,(s)
Ca(5)=G,(5)Ca0i(S)+G,(5)Can(S) pole - s=— R+ R kv

\%



Transfer functions — Example #3

Two isothermal CSTRs (constant F, V, and V,)

F, Cao1
v, X
A-S>B | Fca
ry=-kc, v, X
AS>B | F Cr2

(7,48 +1)Cu(8) =Ky,Cay (3)

{(rpzs +1)C,, () =

oo _fm
T,S+1
K

CAZ(S)::T 22—1CA1
p2

Al CAOl

kpchl(s)

Gl(s):é:Al(S) =—=

T,S+1

Transfer functions for a SIMO system

Linear odes in deviation variables

(. d
Vlacm:F(cAOl—cAl)—kvlcAl c,(0)=0
1. d
VZ_tCAZZF(CAl_CAZ)_kVZCAZ CAZ(O):O

\
in canonical form

( d V. F
_ r,=——k, =
Tor g ot Cm = KpiCaon OEkY, T F kY,
\
vV, . F
Tho acAz +Cpp = kpZCAl Th2 = F+KV, ’ kpz = F 4KV,

k

(S)_' - AM(S)

p2 c
T,,5+17,5+1

G,(s)=

Caoa(S Gy(s) __EAQS§)
Ca(S) _ KpiKpo Cao(S) G,(s) Caals)
CAOl(S) - (rpls +1)(Tp28 —|—1)




Transfer functions — Example #4 — 1

Stirred tank heater (negligible thermal inertia Transfer functions for a MIMO system
of the wall, adiabatic external wall, constant F

and V and constant properties) Linear odes in deviation variables

d
T Fi Tos V1/)1Cp1 aTl = Flplcpl (T01 _Tl) +US (Tz _Tl) T,(0)=0
27 "02
\ d
‘ ’ Vz,och2 ETZ = szchz (T02 —T2)+US (T1 —T2)+Q T, (0)=0
\ 4 v F \
S DX
Fi, Tq ( Ve 31 +(|= C +US)T ~UST, =F pc T
T > 1AL pm at 1P1Cp1 1 2 = F Ol
Q! i ) d
Vzpchz aTz +(F2pch2 +US)T2 —UST, = szchzToz +Q
S Vl/Olel _ UsS _ Flplcpl \
" Fpc,+UST T Fpc,+UST ™ Fpc, +US
S V,0,C,, _ US _ F,0.C, _ 1
" EpC, +US 7 Fpc,, +US’T P Fpc, +UST P Fop,co, +US
d
g Al = oo Laplace domain (78 +L)T,(8) ~ T, (8) = ki Tos (9)
d >
7, aT2 +T, —a,T, =k, Ty, +k,Q ~a,T,(s)+ (szs +1)T2 (s)=K,,Tpr () +k,5Q(S)



Transfer functions — Example #4 — 2

kplTOl - a]_ (Tpls ‘|‘1) kplT01
T1(S) = kp2T02 + kp3Q (szs +1) &, kpzToz t kpsQ

. T,(s)= P(s):(rpls +1)(2'p28 +1)—ala2

(z'pls +1) =’ (rpls +1) =’

—a, (szs +1)

—a, (szs +1)

I.(s)= kpl(fpzS +1)To1(5) s K, T (S) N ak;Q(s) T.(s)= oK Ty () N kpz(rpls +1)T02 (s) N kpS(TplS +1)Q(s)

P(s) P(s) P(s)

CT(s)  Ku(zpes+l) CT(5) ek, CT(s) ek
SO 6 re e T ) o) TR
CT,(s)  aky ) 2(5)_kp2(rpls+1) T,(s) Kps(zps+1)
5 BT R A R T O B IO R
Tou(s)
T,(5) =Gy, (5) Ty (5)+ Gy (5)Top (5)+ Gy (5)Q(s) Tmi’Gn(S) h :L(SS))» Gor(S) |,
T,() = Gy, ()T () + Gy (5)T,u (8) + G (5)Q(S) @’Glz(s) Tl Gyls) [0 Tals)
=2 Gyy(s) QbLI G ()
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Inversion of Laplace transforms — 1

(excluding systems with dead time)
Main steps:
a) Expand the Q(s)/P(s) (ratio of polynomials of order m and n respectively) (n=m)

Q(s) _ ¢ c C,
P(s) rl(ls) i (Zs) et r(s) Where ry(s), ry(s),...,r,(s) are low-order polynomials (I and II order in general)

b) Compute the value of the constants C,, C,,..., C,

c) Find the inverse Laplace transform of each partial fraction Ll{ ! }

n(s)

In general

P(s)=a,5"+as"" +..+a,,5+a, = aof[(s — P« ) where p, are the roots of the polynomial
Two main cases exist: -

1) P(s) has n distinct roots, real or complex

2) P(s) has multiple roots

11



Dynamic response

In general the dynamic response of an output is given by:

Q@) r(s) - -

=G(s)f(s)=£_>"7 (excluding dead time

¥(8)=6(8)f(8) =gy (Ercluing )

The “intrinsic” dynamics of the system are the dynamics associated with the G(s): if we know where the
poles of a system are located (in other words the roots of the polynomial P(s)), we can determine the

quantitative characteristics of the system as caused by the model (or the transfer function G(s)).

Then we need to consider the effects caused by the input f(s).

G(S) _ Q(s) _ Q(s) (ao :1)
P(S) (S_ pl)(s_ pz)(s_ ps)m(s_ p4)(S— p:)(S— p5)

where py, P>, P3, P4 P4, Ps are the roots of P(s) (or the poles of the system as represented in the complex
plane

A . S
Imaginary axis Possible cases Py, P, real distinct poles
P3 multiple real poles, repeated m times
Dy o P P,* complex conjugate poles
Ps poles at the origin
S (p3) P2
o—0— 00— 00— 00— P
Ps3 | Ps Real axis
Ps¥e-




Intrinsic dynamic — 1

The partial-fraction expansion of G(s) leads to:
C1 C2 C31 C32 C

* n.—at n+1
G(s)= + + + 0 € & — 4 G, L[te j:(ij
S=P S—P, |S-P; (s—p,) (s—p;) | S—Py S—P, S—Ps n! s+a

Please notice that this treatment concerns the “intrinsic” dynamics of the process

- Real distinc poles located on the real axis gives terms such as C.e™ and C,e™ c oot
1
Since p,<0, the first term exponentially decays to zero, whereas as p,>0, the

second contribution grows exponentially to infinity with time.

"t
Therefore, distinct poles on the negative real axis produce terms that decay to

p2’[A
zero with time (intrinsically stable contribution), while real positive poles C£
make the response of the system grow toward infinity with time (intrinsically
unstable contribution) "t




Intrinsic dynamic — 2

- Multiple real poles such as p; repeated m times. Such terms give rise to contributions:

C31+ﬁt+%t2+.“+c¢tm—l epst
no 2 (m=1)!

The term in brackets grows towards infinity with time
The behavior of the exponential term depends on the value of the pole p,
if p,>0e™ s wast— o if p,<0e™ —>0ast— o if p,=0e™ =1 for all times

Therefore, a real multiple pole gives rise to terms which either grow to infinity, if the pole is positive or zero

(intrinsically unstable contribution) or decay to zero, if the pole is negative (intrinsically stable
contribution)

- Complex conjugate poles such as p, and p,* (complex poles always appear in conjugate pairs and never
alone)

P.=a+1f The conjugate pairs of the complex roots give rise to
p,=a—jB terms such as e’sin(Bt+¢)

The sin(Bt+ ¢) is a periodic oscillating function, while the behavior of e® depends on the value of the real
part o

14



Intrinsic dynamic — 3

outputt
- If a>O0thene” »wast—ow and e“sin(pt+¢4) grows to
infinity in an oscillating manner with increasing amplitude /\ .
\/ t
output
- If a<0,thene” »>0ast—o and e“sin(pt+¢) decays to zero
in an oscillating manner with an over-decreasing amplitude /\ N
! \/ Vt
_ oy _ output v
- If ¢ =0,thene® =1 for all times and e sin(ft+¢)=sin(pt+¢)
which oscillates continously with constant amplitude A NNANNN
VAVAVAATE:

Therefore a pair of complex conjugate poles gives rise to oscillatory behavior whose amplitude may grow
continously or remain unchanged for the real part of the poles positive or zero, respectively (intrinsically

unstable contributions) or decay to zero if the real part of the poles is negative (intrinsically stable
contribution)

- Poles at the origin

The pole p; is located at the origin of the complex plane (ps=0). Therefore the contribution is Cc/s and after
inversion it gives a constant term C; (intrinsically unstable contribution)

15



Stability of a dynamic system

The considerations previously made are general and applicable to any system. The qualitative characteristics
of a system (a process represented by a mathematical model—G(s)) are known if the location of the poles of
G(s) is known. For a particular input f(t) (f(s)), the additional related contributions should be considered in
order to get the specific response.

Poles to the right of the imaginary axis give rise to terms which grow to infinity with time and are unstable
(unbounded behavior).

A system is stable (with bounded behavior) if all the poles of the transfer function are located to the left of
the imaginary axis.

The poles located at the origin or along the imaginary axis are also representative of an unstable behavior
(systems lacking of self-regulating capability).

A dynamic system is considered to be stable if for every bounded input (it always remains between an
upper and a lower limit), it produces a bounded output indjpendently from the initial state. Unbounded
outputs exist only in theory and not in practice because all physical quantities are limited.

16
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