Part | — Stochastic variables and
Markov chains



Random variables

» describe the behaviour of a phenomenon independent of
any specific sample space

« Distribution function (cdf, ]
cumulative distribution function) =
\ ~
Fix,
F(z)=P{X £ 7} - -
Fix,) —
Plry < X < ao} = Flxs) — Flx) X, X X
G(x)
« Complementary distribution 1T

function (tail distribution)
Glz)=1—-F(z)=P{X > z}




Continuous random variables

e can be described by means of the
probability density function (pdf)

),

, 1F () Plr< X <z +dx
f(z) = dF(z) _ | jr < X <z+dr}
- dr il —l] dr




Discrete random variables

« The set of values a discrete random 7,
variable X can take is either finite or p1 i
countably infinite, p" i

e X E{Xy Xy, ...} ]
« Associated a set of point probabilities : .

with these values
* pPi=P{X=x}

* Probability mass function (pmf): "

4 = _ J; when r = .
piz)=P{X=4}= By G
(). otherwise




Independent random variables

 The random variables X and Y are independent

If and only if the events {X < x} and {Y <y} are
Independent:

Fxy(r,y)=Fx(z)- Fy(y)

fxy(z,y) = fx(z) fry)

» (the two conditions are equivalent)



Parameters of distributions

 Expectation

denoted by ElXT=X

- OC B R
continuous distribution | ELX| = [z flz)dx
discrete distribution E[X]| =X zip;
in general E[X] = ij; rdF(z)

* Properties of Expectation

EleX]| = cE[X] (¢ constant)
EX,+--X,|=EX||+ - - +EX,]

E[X . -Y]|=E[X] - EY

when X and Y are independent




Parameters of distributions

Variance, denoted by V[X], or Var[X]

TH‘[k = E[f_}f — X'j = E[}{Ti — E[Xig

Standard deviation, denoted by o: o =+V[X]

Coefficient of variation, denotedby C,: | —

Covariance, denoted by Cov[X,Y]

Cov[X,Y] = E[(X — X)(Y - Y)]| = E[XY] - EX]E]Y]

Cov[X,X] = Var[X]
Cov[X,Y]=0 if Xand Y are independent




Parameters of distributions

* Properties of Variance
VieX] = 2V[X] (¢ constant )

ViXi+-X) = ¥ Cov[X:. X

mn - i
b=l

VIXi+--- X, =V[X]+---+V[X,] when Xiare independent

* Properties of Covariance
Cov|X,Y| = CovlY, X]|
Cov| X+ Y. Z| = Cov[X. Z]| + Cov|Y, Z]



Discrete variables: Bernoulli distribution

X ~ Bernoulli (p)
Po=9 pP=pP=1-g
E[X]=p

VIX] = pg

Example: The cell stream arriving at an input
port of an ATM switch

— In a time slot (cell slot) there is a cell with probability p
or the slot is empty with probabillity g



Discrete variables: Binomial distribution

« X~ Bin (n,p)

— the number of successes in a sequence of n
iIndependent Bernoulli(p) trials

— Can be written as the sum of n Bernoulli variables

pi=P{X =i} = [rf)zf.i: =)
f

E[X] = nE[Y;] =np

VIX] = nV[Y] = np(l - p)



Discrete variables: Geometric distribution

e X~ Geom(p)

— the number of trials in a sequence of independent
Bernoulli(p) trials until the first success occurs

'?J"=P{X=?}=L;_JUJ.’_1P
E[X| = -

il P

F % 2] 1  2(1-p)
E[X?] = —+ | : p,

' p p-

Rkl e e b e
\ "\ = E[-\- 2_ g E[l- — p



Discrete variables: Geometric distribution

« probabillity that for the first success one needs
more than n trials

D0
P{X>n}= Y pi=(1-p)°

i=n—+1

 Memoryless property:

PIX>1+)NnX > PiX>1+)
PiIX>i+j X >i} = { P ?}= { 1+ ]}

P{X =i} P{X > i}

(1 —p)™

= P{X >}

(1 —p)



Discrete variables: Poisson distribution
« X ~ Poisson(a)

f

pi=P{X=i}=—e" E[X]| =a VX =a

1!

o Poisson(At) represents the number of occurrences of
events (e.g. arrivals) in an interval of length t from a
Poisson process (see later) with intensity A
— the probability of an event (‘success’) in a small interval dt is Adt
— the probability of two simultaneous events is O(Adt)

— the number of events in disjoint intervals are independent



Properties of Poisson distribution

e The sum of two Poisson random variables X; ~
Poisson(a,) and X, ~ Poisson(a,) is Poisson distributed,
and we have X;+X, ~ Poisson(a,+a,)

o If the number N of elements in a set obeys Poisson
distribution, N ~ Poisson(a), and one makes a random
Independent selection with probability p, then the size of
the selected set K ~ Poisson(pa)

 If the elements of a set with size N ~ Poisson(a) are
randomly assigned to one of two groups 1 and 2 with
probabilities p, and p, = 1-p,, then the sizes of the two
sets, N, and N,, are independent and distributed as N, ~
Poisson(p,a), N, ~ Poisson(p,a)



Continuous variables: Deterministic distribution
* Takes on a single value t,

e pdfis impulsive
 Distribution is a step function

E[X]=t,, E[V]=0, C,/=0



Continuous variables: Uniform distribution

1
T a<x<b
f(X):< b_a

- 0 elsewhere

| P _—
a h B h 'b .
EIX] = [ ef(z)di= AL
VIX] = =~ |:-r—”_+b.:::}r 0 - ‘b—a)®




Continuous variables: Normal distribution

y ]. 1y .,._.I.-E'.,..i E:-_Tﬁ:-l ~-— |“
i X ~ N(I_l’ 02) f.]"‘l = — T i ia . |

V2mo VIX] = o

* Property:

[f X ~ N{u. o), then Y = aX + 3 ~ N{au + 3. a*as?).

Proof: Fy(y) = P{Y <y} = P{X <2} = Fy(2)

01 1
{y—=8F)ja 4 R
= )/ T3 dr z=qar+ 3
—0 W LWL
— Ill,f'i-" 1 F—qf--f:—-fma.-i—.:"-_l -'j-"'::‘”:'zfiz
I—ooy/ 2mlac) ™ |
_ X — o ;g -
thus: 7= ~ N(0, 1) (a=1/0, B=—u/o)



Continuous variables: Normal distribution

X independent and identically distributed random
variables, with means p; and standard deviations o,

(b, 03, and p;/o; finite)
then X Ez"l Hi
\/Ez-'l 0i

= N(0,1)

as N> «

nothing assumed about Xi, but their arithmetic average
tends to be normally distributed for large n

useful in statistical evaluation of simulation results
known as the Central Limit Theorem



Continuous variables: Exponential Distribution

e X ~ Exp())

probability
density
function:

cumulative
distribution
function:

mean and
standard
deviation:

L L™
e R [©

ix)
LN




Continuous variables: Exponential Distribution

* A continuous R.V. X is exponentially distributed if and
only if for s,t=0

P{X >s+t|X >t} =P{X > g
or equivalently
P{X>s+t} =P{X >gP{X >t}

* A random variable with this property is said to be

memoryless.
Q&

u t




Continuous variables: Exponential Distribution

* A gueueing system with two servers

* The service times are assumed to be .
exponentially distributed (with the
same parameter)

« Upon arrival of a customer (¢), both
servers are occupied (X) but there are |
no other waiting customers.

% 6%

 What is the probability that the customer (¢) will be the
last to depart from the system?



Continuous variables: Exponential Distribution

e minimum and maximum of exponentially distributed
random variables X; ~ X, ~ ... X, ~ Exp(A)

e The minimum obeys the distribution Exp(nA), with ending
Intensity equal to nA :

P{min(X;,....X,) >z} = P{X, >z} - -P{X, >z} = (™)' =™

e The cdf of the maximum is

| - RS
P{max(X1,..., X,) Sz ={1— g% — Xy
| 3 %3
« The expectation can be deduced by el 1 P
- - 1] - 1} ) 5
considering “one exp at time”: W . s S S
[ 1 1 1 ~Exp(nk) ~Exp(1.)
Blmasx Xy, .00 X))l = + - b —
SR S N S S ) >



Continuous variables: Erlang Distribution

o X~ Erl(n,A)
e X=X;+X,+..+X,, where X, ~Exp(4) 1i.d.
rO, for t<0 zj 3
fx (t) = 0.3 "-=i_3
e A"t (n-1t, for t=0 =
n n > 1 1
E[X]=—, V[X]=—, C, =—
[X] y [X] VE n o 2 4 & 8

* An Erlang-n distribution is a series of n independent and
identically distributed exponential distributions (n-stage
Erlang distribution)

e n=1 >>> Erl(n, A) tends to be exponential
 n->inf.,, n/Afinite >>> Erl(n, A) tends to be deterministic

10



Erlang distribution: example

* A system consists of two servers.
Customers arrive with Exp(A) “Erang(z.a)
distributed interarrival times and are !
alternately sent to servers 1 and 2.
The interarrival time distribution of P \/
customers arriving at a given server
IS ~ Erl(2,4)

e Let N, the number of events in an
Interval of length t, obey the Poisson 1.2 3

distribution: N, ~ Poisson(At). Then _ o L 1 | =) |
the time T, from an arbitrary event to i
the nth event thereafter obeys the
distribution Erl(n,A)




Continuous variables: Gamma distribution

« X~ Gamma(a,A)
« generalizes the Erlang distribution

(‘

£ ) 0, for t<O
= <
4§ e t*1/G(a), for t=0
where G(a) = I st*Pe ds
a a O1
E[X]==, V[X]=—, C?==
[X] ; [X] 7 "

a. form parameter, A: scale parameter
a<1l -> the distribution is more irregular



Continuous variables: Hypo-exponential
distribution

 like Erlang distributions, is made of n successive
exponential stages: X; + X, +...+ X

— but here the exponential stages need not have the
same mean

* With two exponential variables X, ~ Exp(4,) and
Xy ~ EXp(Ay) :

fx(z) = A;; A (ehie — o)

_ th —}.13 ; — A



Continuous variables: Hyper-exponential
distribution

e arandom choice between exponential variables

— For example, let X; and X, be two independent
exponentially distributed random variables with
parameters A; and A,

— Let X be a variable that, with probability, p, is
distributed as X, and with probability p, is distributed
as X, (where p;+p, = 1)

X has a 2-stage hyperexponential distribution:

fx(ﬂ')) = pl)\1€-A1$ +p2,)\2€*)‘2$



Continuous variables: Phase-type
distributions

 Phase-type distributions
— are formed by summing exponential distributions, or
by probabilistically choosing among them
 Some examples include the distributions seen
above:
— Erlang distribution
— Hypo-exponential distribution
— Hyper-exponential distribution



Random variables in computer modelling

* In modelling of computer and communication systems
— make assumptions about the involved job service times or the
packet transmission times

— often the exponential, Erlang, hypo- and hyper-exponential
distribution are used

o Exponential distribution is especially advantageous to

use
— Memoryless property advantageous for mathematics

— Useful in many practical cases:

— for example, extensive monitoring of telephone exchanges has
revealed that telephone call durations typically are exponentially
distributed

— the average time between successive call arrivals obeys the
exponential distribution.



Stochastic processes

o Systems we consider evolve in time. We are interested

In their dynamic behaviour, usually involving some
randomness

— the length of a queue
— the temperature outside
— the number of data packets in a network, etc.

» A stochastic process X,,or X(t), is a family of random
variables indexed by a parameter t

— Formally, it is a mapping from the sample space S to functions of
t. Each element e of S is associated to X,(e), a function in time t
— For a given value of t, X, is a random variable

— For a given value e, the function X,(e) is called the realization of
the stochastic process (also trajectory or sample path).



Stochastic processes

e Stochastic processes can be either:

— Discrete-time/Discrete-state

* e.g., the number of jobs present in a computer system at the
time of departure of the kth job

— Continuous-time/Discrete-state
* e.g., the number of jobs present in a computer system at time t

— Discrete-time/Continuous-state
* e.g., the time the kth job has to wait until the service starts

— Continuous-time/Continuous-state

* e.g., the total amount or service that needs to be done on all
jobs present in the system at a given time t



Stochastic processes

First-order distribution:
F(x,t)=P{X({)<x
n-th order distribution:
F(x1) = P{X(t) <X, X(t,) < X}
The process is strictly stationary when
F(x1)=F(xt+7)
Stationarity in wide sense

 1st and 2nd order statistics are translation invariant

Independent process:

Fxt) = [T F6t) = [ PEXE) < %)



Markov Process

* Next state taken on by a stochastic process only
depends on the current state of the process
— does not depend on states that were assumed previously
— called first-order dependence or Markov dependence

P{X(tn+1) S xn+1 | X(to) = XO""’ X(tn) = xn} =
P{ X (tn+1) S Xn+1 | X (tn) = Xn}

e Markov Process: discrete- or continuous- time

« Time-homogeneous Markov process:
P{X(t) = X[ X(s) = X} = P{X(t—s) = x| X(0) = X}



Discrete-Time Markov Chalin

Discrete-time stochastic process {X,|n=0,1,2,...}
Takes values in {0,1,2,...}
Memoryless property:

PIX =il X =i X =i ,uX,=i}=R X, = X =}
R=FXa= Il X =}
Transition probabilites P, R 20, > P =1

]=0
Transition probability matrix

_ fnal state —
I:)_[F)ij] [ 0 Pox Po2 ...

It is a stochastic matrix: P = | o Pii Pi2 ... } | initial state
0O<PF <1, > R =1 -



Discrete-Time Markov Chain: an example

e Transition matrix and graphical representation
e (can both be used to represent a DTMC)




Discrete-Time Markov Chalin

Probability of a path:

P{Xl: = TI:-l:_' -t X.f.' = i.’.‘} = P{Xl: = TI:-l:} Pigiy Pijis " " " Pi_y.in

P{X“ = 1y, A= fl}

P{X| =1 Xy = fl:} P{X, = TIf-li}

Pipi;
P{Xl! =T0.A 1 = 1 Ko = f?} = P{XE =1 X1 =1,X = TIfll}j?{}:l =11, X9 = E-“}
p."]-.ﬂ'g pi,--,.:-fjlj{‘X” =5 il‘i}

) P{X| = il!} Piyiq Py s

P{XH = f“} \ il: E.1 EE TI|.-i
L

Digiy Piyia  Pisis



Discrete-Time Markov Chalin

 The probability that the system, initially in state i, will be
In state | after two steps is k

>_ Di Pk, i é"’ : §‘

(takes into account all paths via an intermediate state k)
e This summation coincides __ _\
] o oo |(poly po2o ...
with the element {i, j} of the P [;;n_u P11 Pia ... |
matrix P2 2| o J

j

:f'}l!_l! Po1l Pos
Pipio pu1 pieo

_______________




State Probabilities — Stationary Distribution

P" describes how the probabilities change in n steps
Define the probability distribution as

n?:P{Xn = }, = (ng,7,...)
the probability the process is in state | is z", for each |

If the “state” of the process at time n is described by #"
then the new probabilities after k steps are simply
calculated as z" PX

If the z" distribution converges to a limit for n> oo:

TC:”mTCn n=7nP

n- oo

7 IS called the stationary, or equilibrium, distribution
Existence depends on the structure of Markov chain



State Probabilities — Stationary Distribution

Example

6 2 1
%(E} 2 1)
0 6 3

48
36

ta

P

p(1-p)
l—p p(l—=p) p*\ p=1/3 & Gg)
=|1—=p p(l=p) p° Q"‘f&' 2
Y l—p p VR ';K\
1PQ@\pE\—>@
O
0.6666 0.2222 0.1111°
= [u.ﬁﬁﬁﬁ 0.2222 [1.1111]
0 0.6666 0.3333
22 11'\ 0.5926  0.2716 [1.1:358'\
22 11 = | 0.5926 0.2716 0.1358
30 15] 0.4444 0.3704 [1.1859]
4200 206 103" 0.5761 0.2826 0.1413"
= 517[49[} 206 1[13) = [[1.5761 0.2826 [1.1413)
396 222 111 0.5432 0.3045 0.1523

0.5714 0.2857 0.1429
P® = 0.5714 (.2857 10.1429
0.5714 0.2857 0.1429

J



Kolmogorov’s theorem

e In an irreducible, aperiodic Markov chain there always
exists the stationary, or equilibrium, distribution:

mo=lim, 7

© =)
and this is independent of the initial state.

 If the limit probabilities (the components of the vector) n
exist, they must satisfy the equation = = n P, because

m=lim_ " =lim___ 7" =lim__m"'P=7P
e 1 defines which proportion of time (steps) the system

stays in state |.

e equilibrium does not mean that nothing happens in the
system, but merely that the information on the initial
state of the system has been “forgot”



Global Balance Equations

« Markov chain with infinite number of states
* Global Balance Equations (GBE)

m=my, P =) 7R -7 P, = TP, j=0

ES EI

* 71P; Is the frequency of transitions from | to |

Frequency of Freguency o I Sk
SAUENEY O ) dueney Lo . Kr
transitions out of transitions ing \_i ' |

..I-"'-. J .I

 Intuition: j visited infinitely often; for each
transition out of | there must be a subsequent
transition into | with probability 1



Solving the balance equations

 Assume here a finite state space with n states

e Write the balance condition for all but one of the
states (n — 1 equations)

— the equations fix the relative values of the equilibrium
probabilities

— the solution is determined up to a constant factor

 The last balance equation (automatically
satisfied) is replaced by the normalization
condition Yz = 1



or

Solving the balance equations: example

=" .l =3) P
f:ﬁ“ T ?i'9ji= [T"TI! B! "'T'.E\: l_'p p[i_'p: pE

0] 1—p .

E

m = (1 =p)mg+ (1 — p)mi = M=

P M
T = pll—p)m+p(l —p)m+ (1 — p)m
= (1=p)*m +p(1 —p)m + (1 — p)ms
) —_—T —r. 2
= (1 —p)m + (1 — p)m = }T]=1—u‘i?T_1 = ?rh=[1—ufi] T9
= (l_f"“lg Ly S | | 7o
i S S 1o =y
* by the normalization 7 = o+ 7, + m, = 1
- ::l—,r»']g pll—p) ;;'3 ) T ) — iy e “f A 14901
ol ot abiy o) With p =3 =|[0.5714 0.2857 ().1429)



Discrete-Time Markov Chain: an example

« Consider a two-processor computer system where time
Is divided into time slots, operating as follows:
— at most one job can arrive during any time slot
— an arrival in any slot can always happen with probability a = 0.5
— Jobs are served by whichever processor is available
— 1If both are available then the job is given to processor 1
— 1f both processors are busy, then the job is lost

— when a processor is busy, it can complete the job with probability
B = 0.7 during any one time slot

— 1If a job is submitted during a slot when both processors are busy
but at least one processor completes a job, then the job is
accepted (departures occur before arrivals)

 What is the long-term system efficiency?
 What is the fraction of lost jobs?



Discrete-Time Markov Chain: an example

Poo = (1-a) Por =& Py, =0
plo:ﬁ(l_a) p11:(1_,8)(1_0')+a;8 plzza(l_lg)
P2 = ,82 (1—0’) P21 :,820’+2,8(1—,3)(1—a’) P2 = (1_18)2 +20’,3(l—,3)



Discrete-Time Markov Chain: an example

tha =05 05 05 O

WItn d = L. |

and B =0.7: P= |: pij :| =10.35 0.5 0.15
0.245 0.455 0.3




Discrete-Time Markov Chain: an example

w ()
W@, L,

P:[M]:

0.5
0.35

0.245 0.455 0.3

0.5
0.5

0
0.13

-

m=mP, Y m =1
yields:
71=[0.0278 0.3094 0.6628]




Discrete-Time Markov Chain: an example

 What is the long-term system efficiency?

 What Is the fraction of lost jobs?



Continuous-time Markov chain (CTMC)

e |Indextis areal time

« By definition of Markov property, the probability
distribution of residence time in state n does depend on
state n, but does not depend on the time spent in that
state and in the previous ones

— the only memoryless continuous distribution is Exp()

— associate a rate y; with each state: out-transition rate ~Exp(;)

— as in DTMCs, use a transition matrix Q to describe the state
transition process behaviour

e CTMCs can be built from DTMCs by associating a state
residence time distribution with each state



Continuous-time Markov chain (CTMC)

p,j - as in DTMCs, the probability that, being in state I, the
state after the next transition will be |

p,; =0: a transition always changes the process state
Matrix [p;;] defines the embedded DTMC in the CTMC
Define a generator matrix Q= [ g |]

— with ¢ ;= p;wheni#] and q;=-2;,i0; =

— the implication of defining g;; as above will be clear soon
Foreach j#i thereis an F,_; () = 1 - gt

— these distributions model the delay perceived in state i when
going from i to |

— the residence time is the minimum of n Exp: still exponentially
distributed, with rate 3 ;g



Continuous-time Markov chain (CTMC)

Matrix Q contains information about the transition
probabilities of the embedded DTMC:

given n random variables Xi~Exp{,) with rate 4 ,, X; is the
minimum of them with probability 4;/ 3 /;
S0, being in state i, the shortest delay (i.e. the actual
next transition) will lead to state | with probability
; _ P KM _
— = plj
Zk;ti Gi H,




Continuous-time Markov chain (CTMC)

 Generator matrix Q=[q;] also describes the infinitesimal
transitions as follows:
— P{ X(t+4t)=) | X()=1 } = q 4t + O(4t), 1#]

— follows from the fact that state residence time are negative
exponentially distributed

— @y Is the rate at which state i| change to state |

e Denote p(t) = P{ X(t)=1}. Then

p;(t+ h) = mp;(t)Pr{do not depart from i} + Z;}j(t) Pr{go from 7 to i}
i#i

= pi(t) (1 - Z '?-:',jh) + (Z i’i’j[ﬁ)ﬂj.i) h 4+ o(h).

Ve J#Fi



Continuous-time Markov chain (CTMC)

using g;;= -2 +iq; :
pi(t+h) (Z g;iPi ) h+ o(h)

jel

rearranging the terms, dividing by h and taking the limit

for h-=20

_ pi(t+h)
pi(t) = lim - h"'

Z Q5405 (1)

jeI
expressing the transient behaviour. In matrix notation:

p(t) = p(t)Q,

Using a Taylor series expansion:

p(t) = p(0)e¥ = p(0) (Z Q¢

1=

]
ul
\"-'H""F:



Continuous-time Markov chain (CTMC)

» Steady-state probabilities: p=lim,__, p; (t)
 That would mean Iim., p/(t) =0

- P, can be obtained by solving the following
system of linear equations:

pQ=0 2 p=1

* Very similar to v=vP for DTMCs, since it yields
V(P-1)=0, so the matrix P-l can be interpreted as
a generator matrix in the discrete case



Continuous-time Markov chain (CTMC)

It is also possible to calculate the p; via the associated
DTMC (the embedded DTMC)

Build the discrete transition matrix from the G :

P = Oij/la;l G #)) p; =0
Solve v=VP: the solutions Vv, represent the probability

that state 1 is visited, irrespective of the length of stay in
this state

Renormalize the probabilities according to the expected
state residence time 1/q for every state |

_ vlq

P = forall |
Zjvj /qj




CTMC: example

 Example
— aresource (e.g. a processor) can be either available or busy
— a computer system that can be either operational or not

— time the system is available (operational) exponentially
distributed ~Exp(1) (i.e. average time is 1/ 1)

— time busy (not operational) ~Exp(x)



CTMC: example

« CTMC with generator matrix:

N e
Q_(z —,.a)

« Assume initial propabilities p(0)=(0,1)
» steady-state probability vector

IR

)



CTMC: example

Probability vector can also be computed via the
embedded DTMC

P=(Vo)

this indicated that both states are visited equally often

|=
|
—
Bud =
Bl =
o™

Incorporating the average state residence times (1/ 4 and
1/u, respectively):




CTMC: example

» Transient behaviour of the CTMC
e Can be solved explicitly from p(t)=p(0) &:

A A

t) = —
po(t) A4 p Atp
1 A
t) = —+ ——
P(t) }"u—l-p,+}.+,u

graphical representation of

pi(t) for AA=u=1

e

e

—(A+pu)t

1

—[A+n]lt_

p.(t)

1

0.8

0.6

0.4

0.2+

0

) -. : N —
\ PﬂEtg S
L pilt) —
Po -
P —
f"!f_ff
/ | | .




Discrete time Birth-Death Process

0 I:)n—l,n
[
P

s | S
Pl iPnn+1
CP) s O O ij P @,

10 n,n-1 L n+l,n

00

One-dimensional DTMC with transitions only between
neighboring states: P;=0, if |I-]|>1
Detailed Balance Equations (DBE)

nnPn,ml = nn+1Pn+1,n n=0,1,...



Continuous time Birth-Death Process
e One-dimensional CTMC:

A A AL O 2S5
7 1 m Mo
* Detailed Balance Equations
Gia=A, Q1=K q =0, [i= ] P ]
APy = Moy Py N=0,1,..



Continuous time Birth-Death Process

 Use DBE to determine state probabilities as a function of
Po

:un pn = An—l pn—l —
An—l An—l An—Z —_ —_ An—lAn—Z'” = A

pn_ pn— = pn— o ﬂ) p)
T My My INTRYY, -l

» Use the probability conservation law to find p,

n=0 n=1 |= ,u|+1 =1 1= :u|+1 n=1 1= :u|+1

S b, =1 - {12 }1 {12 }fzﬁ



Poisson Process

e One of the most important models used in queueing
theory

« often suitable when arrivals originate from a large
population of independent users

* N(1): tells the number of arrivals that have occurred in

the interval (0, t), or more generally:

— N(t) : number of arrivals in the interval (0, t) (the stochastic
process we consider)

— N(t1, t2): number of arrival in the interval (t1, t2)(the increment
process N(t2) = N(t1))
1

S N O O 1 A

0 Bl t




Poisson Process: definition

* A Poisson process can be characterized in different ways:
— Process of independent increments

— Pure birth process:
the arrival intensity A (mean arrival rate; probability of arrival per
time unit

— The “most random” process with a given intensity A




1)

2)

3)

Poisson Process: definition

Three equivalent definitions:
Poisson process is a pure birth process:

In an infinitesimal time interval dt there may | PPl )]
occur only one arrival. This happens with dt

the probability Adt independent of arrivals

outside the interval

The number of arrivals N(t) in a finite h
interval of length t obeys the Poisson(/t) Y Y

distribution, P{N(t) = n} = e (At)"/ n! ) F,Dm;wm EF,DE‘;W@
Moreover, the number of arrivals N(t1, t2) |

and N(t3, t4)in non-overlapping intervals (t1

<t2<t3<t4) are independent

The interarrival times are independent

and obey the Exp(J) distribution: I

LS ——

P{ interarrival time >t} = ¢* ~ Exp()



Interarrival and Waiting Times

 The times between arrivals ~ N(t)
T, T,, ... are independent
exponential random
variables with mean 1/4:

P(T>t) = P(N(t) =0) = e

e The total waiting time until

the nth event has a Gamma | —
distribution S S 55




Poisson Process: properties

e Conditioning on the number of arrivals: Given that in the
interval (0O, t) the number of arrivals is N(t) = n, these n
arrivals are independently and uniformly distributed in
the interval.

o Superposition: The superposition of two Poisson
processes with intensities A, and 4, is a Poisson process
with intensity 1 = 1, + 4.

« Random selection: If a random selection is made from a
Poisson process with intensity 4 such that each arrival is
selected with probability p, independently of the others,
the resulting process is a Poisson process with intensity

PA.




Poisson Process: properties

 Random split: If a Poisson process with intensity A is
randomly split into two subprocesses with probabilities p,
and p,, where p, + p, = 1, then the resulting processes
are independent Poisson processes with intensities p;4

and p,/.

« PASTA: Poisson Arrivals See Time Averages. For
Instance, customers with Poisson arrivals see the
system as if they came into the system at a random
Instant of time

— despite they induce the evolution of the system




PASTA property

e Proof

— consider a system with a number of users X(t)

consider the event
e = “ there was at least one arrival in (t-h, t] ”

— homogeneous Poisson process -2 P{e} = P{N(h)>1}
(for a non Poisson process this wouldn’t be true!)

— memoryless: P{N(h>1 | X, =1} =P{N(h)>1}, thus
P{N(MhPF1NX =i} = P{Nh)>1}P{X,=1}

— Hence: P{ X,,,=1 |N(h)>1} = P{ X, =1}
take the limit for h=0



PASTA property

 arrivals act as random observers (also called Random
Observer Property, ROP)

— follows from the memoryless property of the exponential
distribution

— the remaining time to the next arrival has the same exponential
distribution irrespective of the time that has already elapsed
since the previous arrival




