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Experiment

* An experiment (or trial) is any procedure
that can be infinitely repeated and has a
well defined set of possible outcomes.

* An experiment is random If it has more
than one possible outcome.

* The set of all possible outcomes of an
experiment is a sample space, denoted Q
hereafter.




Examples

Coin Tossing:

(Q)={Head, Tail};
Die tossing:

01={1,2,3,4,5,6},
Dice pair tossing:

0={1,2,3,4,5,6}x{1,2,3,4,5,6}={1,2,3,4,5,6}°;
Cars lining up at a traffic light:

0={0,1,2,3,....};




Events

 An event is any subset of the sample space
defined by a proposition.

Examples
e Die Tossing: E={2,4,6}cQ ({The outcome is even})
e Dice Tossing: E={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}cQ
({The dice yield the same outcome})

o Cars at a traffic light: E={0,2,4,6,8}Q ({The number
of cars lining up is even and smaller than 10})




Algebra of Events

* Given a set (Q in our context), an algebra is such a
collection & of subsets satisfying the conditions:

A Be &> AuBe &
Ac &> A=Q\Ac &
Consequences
A, Be &> AnBe &

Q,Te&
A B e &—> AB=AnBe &

Remark: An algebra is a sigma-algebra if it is closed
with respect to countable unions of its subsets.




Operations on Events

ANB
A B
o~
A\B (
\

Example: Die Tossing

A={2,4,6}. The result is even B={5,6}: The resultis>5
A\B={2,4}, B\A={5}; AnB={6}; AuB={2,4,5,6}
De Morgan

T AUB={1,31={1,3,5} M {1,2,3,4}=AB



Probabillity law (or measure)

This is any function from a sigma-algebra &to [0,1], i.e.:
P:Ae &— P(A) € [0,1] such that:

DA)>0 VA e &

b(Q)=1

D(ARB)=P(A)+P(B) V A,B € &: A~B=Q
P(UA)=2, P(A,) iFVA,A €& ANA= DV i

W=

These are the Kolmogorov’s axioms.



Properties of probabillity laws

1. P(@)=0

2. P(A)=1-P(A) VAc &

3. P(A\B)=P(A)-P(ANB) VA, Be &

4. P(AUB)=P(A)+P(B)-P(A~B) V A, Be &

5. AcB = P(A)<P(B) VA, Be &




Independent Events

Two events, A, B € & are independent iff:
P(A~B)=P(A)P(B)
N events, A, A,,...,Ay are independent iff any subset thereof
(A, AStAL A, A
IS such that

P(A,NALN.... A)= P(AP(A,)...P(A) k=2,...., N



Conditional Probability

Let B € & be an event with non-zero probability. We define
the conditional probability of an event A € &given B as:

P(ANB)
P(B)

P(A[B)=

Remarks:

dP(AIB), as Avaries in & and B stays constant, satisfies the
Kolmogorov’s axioms, i.e. it is a probability law.

JIf Aand B are independent P(A|B)=P(A).

dP(A|B)=0 A and B are mutually exclusive.



Alternative definition

 Assume that we undertake N repeated
(Independent) trials of a given experiment;

» Assume that an event A occurs N, times;

* Assume that another event B occurs Ny
times.

* In N,; trials both A and B occur.




Counting

 If an experiment has a finite number of
outcomes, the probability of an event A
can be computed as

P(A) = #£4a5€8 where A occurs
# possible outcomes

e ItIs thus important to develop effective
counting techniques for both the
numerator and the denominator.




Combinatorial Analysis

Given k sets Q,,..,Q, with cardinalities | Q]=n;, we have the
basic formula of combinatorial analysis

k G
Q1 x Qo x . ox ] =TT0, 1% =TT, ne

where Q,xQ,x ....xQ, denotes the k-fold set product, i.e. the
set of (ordered) k-tuples whose first element is drawn from Q,,
the second from Q,, the k-th from Q,.



Combinatorial Analysis:
Permutations

Assume we draw k elements from one and the same set of
cardinality n. We have two cases:

a) Drawing with replacements (element repetition is allowed).
b) Drawing without replacements (i.e., no repetition allowed).

Case a: |Q|=]|Q,|=...=|Q,|=n;
Permutation number=nk.

Permutation number= n(n-1)...(n-k+1)= (n__”k),

Special case: n=k
Permutation number of k distinct elements= k!



Combinatorial Analysis:
Combinations

Permutations of k items drawn from a set with cardinality n
where repetitions are not allowed and order is immaterial are
defined combinations.

Thus k! permutations with no repetitions are equivalent to one
combination, whereby

_ _ C B n - n
Number of combinations= “n.k = Z10,—1 — | 1.

Example: the number of combinations of cards taken 5 at a
time from a deck is

52 5
( ) 221 — 2598960



Fundamental laws: Bayes

Since

P(A|B)P(B)=P(ANB) =P (B|A)P(A)

!

P(B|A) = 242t




Fundamental laws: The law of total
probability

Let Al, A2, ...,An,.. be a countable partition of Q, i.e.:

Q=A, A,NA =0, Vi#]

!

P(E)=Y P(E[A)P(4), VEc&







Random variables: Definitions

A random variable X is a measurable map between a probability
space and a subset of the real set, i.e.:

(Qa £, P) ‘ Parent probability space
RV: Map definition

X:we)l —X(weAx CR

X1 (A)e & VA& ‘ Measurability



Discrete versus Continuous RV’'s

An RV X is discrete if AA,=X(Q) is finite or countable.

An RV X is continuous if AA,=X(Q) has uncountably many
points.

A, is in both cases referred to as alphabet of the RV X.



The Cumulative Distribution Function
(CDF)

Definition:
F: X € R > F(X)= P{X<x}<[0,1]
Properties:
1) Fy(-0)=0 Fy(+ »)=1
2) Fy(X) non-decreasing in Xx;

3) Fy(X) Is a right-continuous function.

Remark: for discrete RV’s the CDF is a staircase function



Probability Density Functions (pdf)

Formally, a pdf is the derivative of a probability measure with
respect to the standard measure, I.e. the Lebesgue and the
counting measure for continuous and discrete RV respectively.

In practice we have:
a) X discrete on Ay — pdf=p(x)=f,(X)=P{X=x}
b) X continuous on Ay:

fX (L) _ dFx (x)

dx

Remark: densities of discrete variables are also known as
probability mass functions (pmf)



Properties of densities

Discrete RV'’s

1) 0<fy (X)<1 V xe Ay;
2) Zx fX(X):]-

Continuous RV'’s

1) f (X) >0V xeAy;
2) Jf, (x)dx=1



Noticeable discrete RV's

Bernoulli counting: X € {0,1,..., n} 0<p<1
P{X =Fk}=fx(k)= ( ; )pl‘(l —p)nF
Poisson: X e{0,1,2,...} = Ny A >0

P{X =k} = fx(k) = 2re >

Geometric X e€{1,2,..} =N O0<p<1

P{X=Fk}=fxk)=(0—-p)" 1



Noticeable continuous RV's

Uniform in |a, b], X ~ U(a,b)

! a<x<b

() — b—a

elsewhere

Gaussian with parameters y1 € R and 0 > 0, X ~ N(p1.0)

fx(x)= \/ZL? exp {—%} , rc R
Exponential with parameter A > 0, X ~ E())

() — Aexp(—Ax) x>0
fx () = { 0 <0



Random Vectors

(€2, &, P) — Probability Space
X:weQ—X=(X,... . X,)€R"

CDF: Fx(X) = Fx(fﬂh . ,ilfn) = Pr {Xl <1y, aXn < xn}

(Pri{Xi=u..... X, =1,} discrete case
pdf: x&=1{ sk

\ 8I18In

CONLINIOUS case




Conditional densities

Consider first a bi-dimensional vector X = [X;. X5]T

Conditional fxq.x0(T1,72)
_ el e ) — 1,42 :
density fXg|X1 (4-2‘1*1) — fxl(Ii)

More generally, given two random vectors X and Y:

Conditional
density leY(le) _ fo:E;)F)




Transformations

Let X ~ fx(x) Let Y = g(X)

How can we characterize Y ?
a) g(-) invertible for all points of the alphabet of X;

b) g(-) non-invertible for all points of the alphabet of X;




Invertible transformations and
continuous variables

-) increasing
-) decreasing

T
p.<
=
——
By
el
S
i
=
(T S
,a-'--\,-l:--c;l--\

_ Ix|97 ()]
fr(y) = 19" (g7 ()]




Non-Invertible transformations and
continuous variables

Let {@; = x;(y)}_; be the solutions of the equation y = g(x)

B n fx(x)
fY(y) — Zi:l 9’ ()] r=z;(y)




Moments of a Random Variable




Moments of a random variable

Non-central moment of order m

> . xMfx(x) X discrete
E[X™] =

[ a™fx(r)dx X continuous

Central moment of order m

( D (0 —E [X])m fx(r) X discrete
E[(X -EX])"] = «

L f (r —E|[X])" fx(x)dr X continuous




Mean, Variance and Standard
Deviation

mean: px = E[X] Variance: E [(X — ,uX)Q] = 0%
ox: Standard Deviation

Tchebyshev Inequalities:

2
Pr{|X —pux|>b}=1-Pr{ux —b< X <pux +b} <3F

Pl‘{‘X—;JX‘ >kgx}:1—Pr{/_Lx—kG'X ng,ux—l—kJX}ik%

Probability of observing values spaced
from the mean more than ko,




Moments of Random Vectors

Let X = [Xq,.... X,]* be an RV, X ~ fx(x)

> o Xfx(x) Xdiscrete
Mean: E [ X]| =
[ xfx(x)dx X continuous

Covariance Matrix: C = E [(X — E[X]) (X —-E [X])T}

Remark: C is non-negative definite




Gaussian Vectors

Let X € R™ a Random Vector with
E[X]=m. E[(X—m)(X—m)T] —C

X is a Gaussian vector (short-hand notation: X ~ N (m, C)) iff

fx(%) = 7z P | —3 (x —m)T €7 (x —m)|
_ ,

2
Example (n

_— ( my ) C_ ( o? pPO109 ) )= B[(X1—m1)(Xa—ms)]

Mo PO103 0'% 7102

- (I1—ﬂ11)2-\-0?(’69 mg) ZJlagp(Il—mﬂ(fcg—mg)]
ol L1, EX 7
in,Xz( I 2) (o \/U p{ 20205 (1-p?)



Properties of Gaussian vectors

Incorrelation mmplies independence. Indeed:

(o2 0 .0 )
0 G'% o0 n 1

o =T
\ 0 0 ... o2 )

Closure under linear transformations

exp | ——
270, p[ 207

If A is a full-rank (tall or square) matrix and X ~ A (m, C), then

Y = AX + k~ N (Am + k, ACAT)
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