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Preface

After having illutrated (at an early stage) the mathematical structure of
Classical Dynamics, ! we shall now turn to its original fields of physical inves-
tigations, i.e. celestial and terrestrial dynamics.

On the one hand, these fields will provide the physical contents of the whole
mathematical scheme previously described.

On the other hand, the problems of celestial and terrestrial dynamics, once
framed into the above scheme, will be able to be given a thorough mathematical
discussion.

From the philosophical point of view, celestial and terrestrial dynamics
are no longer disjoint areas of knowledge since Newtonian synthesis, which
recognized their common core in gravitation.

So celestial dynamics (chap. 1) will be presented as the dynamics of an
isolated system consisting of two gravitationally interacting celestial bodies in
a Galileian reference space (any one of a class of reference spaces distinguished
by Newton’s laws of gravitational dynamics by virtue of Galilei’s principle of
relativity). If one of the bodies is so massive as to be indifferent to the grav-
itational attraction of the other body and to keep stationary in a Galileian
reference space (e.g. the Sun and a planet, or a planet and a test particle),
then the above problem is just reduced to the dynamics of the lighter body. In
any case, Newton’s law of gravitational dynamics can be reduced to a differ-
ential equation, whose discussion will lead us so far as to deduce the historical
Kepler’s laws (adopting both the model of a point-like body and that of a
‘small’ rigid body).

Then terrestrial dynamics (chap. 2) will be presented as the dynamics,
in the terrestrial reference space (where the Earth is stationary), of a ‘light’
body subject (at least) to terrestrial gravity, resulting from the gravitational
attraction of the Earth and the dynamical effects which are due to the motion
of rotation of the Earth with respect to a Galileian space. In such a context,
Newton’s law for the dynamics of an unconstrained system and d’Alembert’s
law for the dynamics of a constrained system will be discussed in quite a
number of applications (including both the model of a point-like body and
that of a ‘small’ rigid body).

An Appendix (chap. 3) will provide the main kinematic tools for the study
of the dynamical effects which are to be expected from a change of reference
space.

1 See I. Historical and Analytical Dynamics (which, in the sequel, will be referred to as
HAD).
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Chapter 1

Celestial dynamics

In a large scale conception of the universe, the basic interaction between any
two bodies is gravitation. The most elementary mathematical models describ-
ing gravitational dynamics, such as it arises from Newton’s ideas, will be dis-
cussed.

1.1 Two-body problem

From an empirical point of view, we shall consider an ‘isolated’” system con-
sisting of two point-like ‘celestial’ bodies.

‘Celestial’ means that we are referring to any two stars, planets, satellites
or whatever (i.e. any two bodies in the universe).

‘Isolated” means that we are taking account of no ‘external action’ on the
system (as though there did exist no other body in the universe).

As to the ‘gravitational interaction’ between two celestial bodies, the basic
assumption is that there exists at least one reference space —called Galileian
reference space — where such a d0vaues, and the consequent dynamically pos-
sible motions of the bodies, can be described by the mathematical model which
will now be illustrated.

1.1.1 Newtonian gravitation

The mathematical model of the above two-body gravitational problem is the
following ‘celestial’ mechanical system.

Gravitational dynamics

The Galileian reference space is conceived as a 3-dimensional Fuclidean
affine space &g (modelled on an vector space Fg, equipped with a scalar product



2 1 Celestial dynamics

and an orientation Or(Eg)).

For an ordered system of two point-like bodies, an admissible configuration
(or position) in the above reference space is defined by assigning an ordered
couple of distinct points of £ and therefore its configuration space is the open
submanifold

Q = {(p1,p2) € & x & | d(p1,p2) > 0}

of the 6-dimensional Euclidean affine space & x & (modelled on Eg x Eg ).
If
my >0, mo>0

denote the inertial masses of the bodies and

FliQ—>Eg, FQZQ%EQ

denote their interaction, then (in accordance with the principle of action and
reaction) Newton’s law of gravitational attraction requires, for all (py,p2) € @,

mimg P1 — P2
‘pl - ng \Pl - P2’

F1(p1,pz) = —h

maMmy P2 — D1
Ip2 — p1/? [P2 — p1
(h being a suitable positive constant).

F2(p17p2) = —h

According to Newton’s law of dynamics, * the dynamically possible motions
(DPMs) of the celestial mechanical system

C = (Q, (m1,my), (F1,Fs))
(with 6 degrees of freedom) are the smooth motions
Y I CR =& x &t (pi(t),p2(t))
satisfying the admissibility condition 2
(P1(t), p2(t)) € Q (0)
and the equations

L Mama P1(t) — pa(t)
Ip1(t) — pa2(t)? [p1(t) — p2(?)]

my Pi(t) =

I See HAD, section 2.1.2.
2 «yt € I” will generally be understood.
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_h momy pz(t) - P1(t)
Ip2(t) — p1(?)[? [p2(t) — Pa(?)]

(2)

ma Pa(t) =

Remark that, when the distance |p; — ps| between the bodies tends to in-
finity, the mutual gravitational attraction F; = —F5, whose norm is inversely
proportional to the square of the distance, rapidly tends to zero (in physical
terms, when the two bodies are very far from each other, each one of them can
just be regarded as an isolated body). So, in a region of @ characterized by
suitably high values of the distance, equations (1)(2) are well approximated,
in accordance with Newton’s law of inertia, ® by

pi(t) =0

Pa2(t) =0

Galileian or inertial reference spaces

As a consequence, the Galileian reference spaces, i.e. the reference spaces
where the dynamics of gravitationally interacting bodies is governed by New-
ton’s law (0)(1)(2), * can as well be distinguished as those reference spaces
where the the dynamics of isolated bodies is governed by Newton’s law of
inertia and are therefore also called inertial reference spaces.

1.1.2 (alilei’s principle of relativity

We started from the physical assumption that there exists a reference space
&g where the dynamics of two celestial bodies is governed by Newton’s law
(0)(1)(2). That naturally poses the problem of whether the above law is in-
variant under a reference transformation or not.

Reference transformations

Let a be a transformation from the given Galileian reference space &g
to any other reference space &3, i.e. a time-dependent, orientation-preserving,
affine isometry °

at:ggﬁgg:ﬁ'ﬁ&t(ﬁ)Z:Ot‘i‘At(ﬁ—é), VteR

3 See HAD, section 2.1.3.

4 The name is due to Galilei’s principle of relativity, owing to which any two Galileian
reference spaces are related to each other by a ‘Galileian transformation’, i.e. a uniform and
rectilinear motion of translation (see the next section 1.1.2).

5 See Appendix, section 3.1.
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A smooth motion
v: I CR— & x & :t— (pi(t), p2(t))
of the two bodies in &, would be described in & by
F:TCR— & xE:tr (Pu(t),pa(t))
with ©
pi(t) == a; ' (pi(t)),  Dalt) = a7 (pa(t))
that is,
p1(t) = o + Ai(P1(t) —0), palt) = o + Ai(P2(t) — 0)
On the one hand, as
p1(t) — p2(t) = Au(D1(t) — D2(t))

(where Ay, linear part of a4, is an isometry), « leaves Newton’s law of grav-
itational attraction invariant, i.e.

. mymsa p1(t) — pa2(t) _ mymsa p1(t) — P2(?)
& ( " p1(t) — p2(t)[? |p1(¢) — P2(75)|) " D1(t) — D2()[? [P1(t) — D2(?)]
(the same holds for ps(t) — pi(t)).

On the other hand, « transforms the accelerations through the more com-
pex law 7

Dy (t) = A7 (B1(1)) — &t Ba(t)) — 20(8) A Dy (1)

(the same holds for py(t)).

As a consequence, v satisfies (0)(1)(2), iff 4 satisfies the condition of type
(0) expressed by ®

(D1(2),P2(t)) € @

and the equations

mimy P1(t) — Pa2(t)
[D1(t) — P2(t)[? [P1(t) — D2(?)]

mapy(t) = —h —maa(t, pi(t)) — 2mi & (t) A (1)

mammy P2 (t) - 131(75)

ma Po(t) = —h |D2(t) — P1(t)|? |P2(t) — D1(1)]

—maa(t, Pa(t)) —2ma (1) ADy(t)

whose right hand sides exhibit, as well as the Newtonian forces of gravitational
attraction, additional forces due to the rigid motion « of & in &;.

So Newton’s law (0)(1)(2) of gravitational dynamics, is not invariant under
any reference transformation.

6 See Appendix, section 3.2, Composition of motions
7 See Appendix, section 3.2, Composition of accelerations.

8 Put Q :={(P1,D2) € & x & | d(p1,p2) > 0}.
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Galileian transformations

However, the above two equations take the form (1)(2)

mims 151@) — D2
[P1(t) — P2(t)[? P1(t) — D2

my fﬁ(t) =—h

mainy 132<t> — D1

ma Do) = —h s O T5alh) — b

if, and (owing to determinism) only if, the vector field

L(t,p,v) :=a(t,p) +20(t) AV
vanishes for all (t,p,v) € R x & x F5. ?

As is known, T’ vanishes identically, iff « is a Galileian transformation
(corresponding to a uniform and rectilinear motion of translation). '°

So Newton’s law (0)(1)(2) of gravitational dynamics is invariant only under
Galileian transformations.

As a consequence, any two Galileian reference spaces are related to each
other by a Galileian transformation, and hence:

“No Galileian transformation from any given Galileian reference space to
a new Galileian reference space, will ever be detected by therein observing the
motions of gravitationally interacting bodies” (Galilei’s principle of relativity
in celestial dynamics).

1.2 Omne-body problem

The above gravitational two-body problem (with 6 degrees of freedom) can be
reduced to a ‘one-body problem’ (with 3 degrees of freedom), as follows.

1.2.1 Methods of reduction

Two methods of reduction, both leading to the same result, will be illustrated:
one is a purely mathematical device, arising from a (vector) first integral of
Newton’s law; the other is a mathematical approximation of Newton’s law,
exhibiting a physical meaning of its own.

9 E3 denotes the vector space on which 53 is modelled.
10 See Appendix, section 3.2, Acceleration supplies and Galileian transformations.
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Centre of mass and radius vector

Let us introduce a ‘change of variables’, namely the diffeomorphism

¢ :Q — M:(p1,p2) = (¢,p)

of @ onto M := &g x (g — {o}) defined, for any (p1,p2) € @, by the centre
of mass ¢ of (my,ms) at (p1,p2) and the end-point p of the radius vector
p1 — p2 attached at an arbitrarily chosen ‘origin’ o € &, i.e.

1
c = o+m(m1(p1—0)+mz(132—0))

p = o+ (p1—p2)
The inverse diffeomorphism
e M = Q: (c,p) — (p1,D2)
is easily seen to be given by

ma

P1 = C+m1+m2(p_o)

ma ( )

= c—— —0
P2 my + Mo p

Then let us introduce two ‘fictitious” mechanical systems (with 3 degrees
of freedom each).

The first is
Co = <5g> m,, Fo)
where
mg := My + My
and

Fo=0
The DPMs of C, are the solutions
Ko: I — &gt c(t)
of equation
myé(t) =0
The second is

C = (ci'g - {0},m,F>

where
mims
m =

m,
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and
Fi=mG

with
m, Pp—o

Ip—o|? [p — o

G:& —{o} = Eg:p+— G(p):=—h
The DPMs of C are the solutions
K:l— & —{o}:t— p(t)

of equation

mp(t) = mG(p(t))

Any such couple (k,, k) will be said to be a DPM of (C,,C;).

Proposition 1 ¢ bijectively takes the DPMs of C onto the DPMs of (C,,Cy) .

Proof Let (p1(t),pa(t)) € @ and (c(t),p(t)) € M be C* differentiable
curves which correspond to each other through ¢ and ¢!, i.e.

ct) = o+ (m(palt) ~ 0) +ma(pat) ~0))

(¢]

p(t) = o+ (pi(t) — p2(?))

and
pi(t) = c<t>+%j<p<t>—o>
palt) = c(t) = L E (1) ~o)

From transformation ¢ it follows that, if (pi(t), p2(t)) is a DPM of C,
then

mec(t) = my Pa(t) +ma Pat)
0

(which corresponds to the fact that the linear momentum A : TQ — Eg :
(p1, P2, V1, Ve) — A(p1, pa, V1, Ve) := myvi +mavy is a first integral of Newton’s
equation (0), (1), (2)) and

mp(t) = m (i(t) - palt))
— m (- mq p<t)_0
- ( "o — oP |p<t>—o|>
— mGp(t)
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that is, (c(t),p(t)) is a DPM of (C,,C;).

Conversely, from transformation ¢~' it follows that, if (c(¢),p(t)) is a

DPM of (C,,Cy), then

min(0) = (&0 + 22 50))
- (e e —el)
MMy p1(t) — pa(t)

oD = o ) = oo

and

- T (S paer b )

My P2(t) — pi(t)
Ip1() — p2(t)[? |p1(t) — p2(?)]

i.e. (p1(t),p2(t)) is a DPM of C. O

Owing to the above proposition, the problem of determining the DPMs of
C splits into the two ‘separated’ problems of determining the DPMs of C, (i.e.
of the centre of mass) and the DPMs of C; (i.e. of the radius vector).

As the DPMs of C, are all Newtonian inertial motions, ! our problem is
‘reduced’ to that of determining only the DPMs of C; . 2

Test particle in a gravitational field

We shall now consider the case of one of the two bodies being much more
‘massive’ than the other (e.g. the Sun and a planet, or a planet and a ‘test

particle’), say
mp < Mo

In such a case, the body of mass

mg := Mo

11 Gee HAD, section 2.1.3.
12 The DPMs of C; will thoroughly be discussed in the next section 1.2.2, from First

integral of angular momentum onwards.
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will be called a gravitational source and the body of mass
m = 1My
will be called a test particle.

The above inequality implies, along any DPM of the two bodies, i.e. any
smooth motion (p;(t),pz2(t)) € @ satisfying (1)(2), that

Therefore, in the above order of approximation, equation (2) can be re-
placed by

pPa(t) =0

(it all happens as though the ‘massive’ gravitational source were indifferent to
the attraction of the ‘light’ test particle).

As a consequence, the gravitational source may stay at rest in the given

Galileian reference space, 13 i.e.

po(t) =0 € &, VteR

Then a smooth motion

p(t) :=pi(t) € & — {o} (0)

of the test particle is possible under the gravitational attraction of the source,
iff it is a solution of equation (1), that is,

mp(t) =mG(p(t)) (1%
with
m, p-—o
[p—of? [p = of
Conditions (0)'(1)" characterize the DPMs of the mechanical system

G:& —{o} = Eg:p— G(p) :=—h

C = (5g - {0},m,F>

13 The gravitational source will anyway appear at rest in a suitable Galileian reference
space, since any ‘non-static’ solution of equation Po(t) = 0, say pa2(t) = o+ (t —t,) v, € &g
with v, # 0, can be ‘reduced to equilibrium’, i.e. to pa(t) =0 € &, through the Galileian
transformation oy : p € & — a;(p) == (o+ (t—to) Vo) + A(P—0) € & (for any choice of

A:E3—)Eg).
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where

F=mG

So C; is the mechanical system which corresponds to the ‘one-body prob-
lem’ of a test particle of mass m freely falling in the gravitational field G
generated in a Galileian reference space &g by a source of mass m, stationary
at a point o € & .

The free falls of the test particle m in the gravitational field G —i.e. the
DPMs of C; — are then the smooth motions

k:telw—p(t)e & —{o}

satisfying (1’), that is,
p(t) = G(p(?)) (1)

In a region of £g—{o} characterized by suitably high values of the distance
from the position of the gravitational source, the free falls do not effectively
differ from the inertial motions, since equation (1)’ is well approximated — in
such a limit case— by

p(t) =0

1.2.2 Free falls

The above ‘celestial’ one-body problem and its solutions will now be thorougly
discussed.

Universality of free falls

If the DPMs of mechanical system C; = (Eg—{o}, m, mG) are thought of as
‘free falls’ of a test particle of mass m in the gravitational field G, then remark
that they do not differ from the free falls of a test particle of unit mass m =1,
i.e. the DPMs of C{ = (& — {0}, 1,G). Hence the principle of universality of
free falls, according to which “the free falls in a given gravitational field are
the same for all the test particles”. !5

14 In the order of approximation allowed by m; < msy, the above mechanical system C;
does not differ from the homonymous system of the previous subsection, since
mimso

mi+mo & mo =m, and then ————~m;=m
mi + Mo

15 If the approximation my, ~ m-+m, is let to drop, the above ‘universality’ drops as well.
Indeed, in a given Galileian space &g, let (p(t),0(t)) € @ be a solution of equations (0)(1)(2)
(therein putting m, := mg and m := my ). Then consider the reference transformation ay :
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Gravitational v. inertial mass

Newton’s law of gravitational attraction could be given an alternative
formulation, by conceiving the attraction exerted by a gravitational source on a
test particle as proportional to their gravitational masses (sort of ‘gravitational
charges’) M, > 0 and M > 0, respectively, rather than to their inertial masses
m, and m, i.e. (the source being stationary at o € &)

MM, p-—o
[p—of?* [p—o

F(p) =

for all p € & — {o}. 1

With such an F in C;, the DPMs of C; would be the solutions in & —{o}

of equation
MM, p(t)—o

—h
Ip(t) —of* [p(t) — o
Then, once chosen the same body as a unit of both gravitational and inertial

mass, the principle of universality would require the above equation to be
equivalent, for all m and M , to equation

. Mo p(t) — 0
"o —oF In(t) —o

corresponding to the unit mass. Clearly that is true, iff

mp(t) =

p(t) =

m=M

So the above formulation of the one-body problem predicts the universality
of free falls, iff the identity of inertial and gravitational mass is assumed to
hold (as we have implicitly done ab initio).

pe s ayp)i=o(t)+ A(p—0) € & (for any choice of 6 € & and A : E5 — Eg ). Such
a non-Galileian transformation reduces o(t) to ‘equilibrium’, i.e. 6(t) := a; *(o(t)) = &
and transforms p(t) into a smooth motion p(t) := a; '(p(t)) € & — {6} satisfying the
‘non-universal’ equation

m+m, D(t)—0

p(t) = —h — o = -
0=~ ED—oF B) — 3
16H M
o p—o
F = —
)= —h e o

is the gravitaional attraction exerted on a test particle chosen as unit of gravitational mass,
the above law implies the following ‘operational’ definition for the gravitational mass M of
any test particle:

_F)l
M=1F0)
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Geometrical v. dynamical gravitation

C} exhibits the classical ‘dynamical description’ of gravitation, meant
as a force field G whose effect is that of perturbing the inertial motions,
characterized by vanishing accelerations, giving rise to free falls with non-
vanishing accelerations.

Such a model coexists with a ‘geometrical description’ of gravitation, as
will now be shown.

Recall '™ that, on the one hand, the inertial motions of C; are the geodesic
curves of (&g — {o},K), where K is the kinetic energy of a unit mass

K: (& —{o}) x Eg = R : (p,v) — K(p,v) := %V-V

i.e. the quadratic form —semi-square of norm— characterizing the ‘flat’ Eu-
clidean geometry of &g, whose geodesic orbits —excluding those that degener-
ate into singletons— are all rectilinear.

Also recall that, on the other hand, the DPMs of C} —i.e. the free falls— are
the geodesic curves of (&g — {o},L), where L is the Lagrangian function

L: (5g — {O}) x Eg —R: (p7V) = L(p,V) = K(p,v) - V(p)

and
1fIlO

V:E—{ol—=R:p—V = —h—

is the potential energy of the gravitational field. '®

So gravitation can be described as a potential field —V, whose effect is
that of transforming the ‘flat’ Euclidean geometry K of & — {o, with gener-
ally ‘rectilinear’ geodesic orbits (the inertial motions in Newton’s conception),
into the ‘non-flat’ Lagrangian geometry L := K — V, with generally ‘curved’
geodesics orbits (new ‘inertial motions’; coinciding with the free falls).

17 See HAD, section 3.1..2.

18 Remark that we can write V. = —hm, |[¢|~!, where 1 is the restriction to & — {o}
of the affine isomorphism —o:p € & +— (p) := p — o € Eg, whose linear part is idg, ;
then, owing to the rules of differentiation, we have

hm, hm, (p)

~BV = ~oE P T TR o)

which shows that V is the potential energy of G.

~dpp = G(p) - idg, = G(p)-
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First integral of angular momentum

A qualitative analysis of the DPMs of C{ will now be carried out.
Our analysis starts from the following remark.

The gravitational field G is a central vector field with centre at o € &,

ie 19

(p—0)AG(p)=0, Vpe& —{o}
As a consequence, the angular momentum (of a unit mass)
Q: (& —{o}) X Eg — Eg : (p,v) — Q(p,v):=(p—0) AV
is a first integral of equation (1"), as will now be shown.

Let
k:I— & —{o} :t—p=p(t)

be the maximal solution of equation
p = G(p) (1)
determined by the initial conditions, at a time ¢, € I,
P(to) = Do Dlto) = Vo ()
for any choice of the Cauchy data (p,,v,) € (§g — {o}) X Eg .
Proposition 2 ) keeps constant along the tangent lift £ of the maximal free

fall k, 1.e.
Qo i = Qpo, Vo)

Proof: By evaluating  along & = (p,p), we obtain a vector-valued
function of time which satisfies, owing to (1), the normal differential equation

S @0k = ((p-o)D)
= (P—0)AD+DAD
= (p—o)AD
= (p—0)AG(p)

0

19 For the wedge product A, see Appendix, section 3.1, footnote °.
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and the initial condition
(€20 £)(to) = 2(po, Vo)
Hence, owing to determinism,
Qo k= Qpo, Vo)

That proves our claim. O

The first integral of angular momentum will prove to be an important tool
for the qualitative analysis of the free falls.

We shall distinguish two cases:

1. Radial Cauchy data

v, is null or has the same direction as the radius vector p, — o, i.e.
Q(po, Vo) := (Po — 0) AV, =0

2. Non-radial Cauchy data

v, 1s non-null and does not have the same direction as the radius vector
pPo — O, i.e.
Q(po, Vo) == (Po —0) AV, # 0
Radial free falls

Let k:t €l p=np(t) €& — {o} be the maximal solution of Cauchy
problem (1")(o) with radial Cauchy data.

Owing to the first integral of angular momentum, the above maximal free
fall exhibits the following property :

Proposition 3 « is a radial free fall
Qok=0

whose orbit lies on the open halph-line *°

Im(k) C ST :={peé&|p=o+pu,, peR"}
where
o po_o
|po—0‘

U, :

20 Put R := (0, +00)
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Proof: Along k, put
p=|p—o/>0, u:=-(p—o)
p
The radial character of x, i.e. Qok = (p—0) Ap=(p, —0) AV, =0, can

be expressed by
puA (pu+pu)=0

pP (A1) =0
uAu=20
1= Au
As u-u=1, we obtain
A = u-u
1. d
= oG w
= 0
and then
u=20
whence

That means, along

p(t)=o+p(t)u,, p(t)>0

which proves our claim. [l

Remark that ST admits the global chart
E:RT—=ST:p—=p=o+pu,

As a consequence, a smooth motion p = p(t) € ST can be described in
terms of its global coordinate expression p = p(t) := ¢ 1(p(t)) € RT, i.e.

p(t) = &(p(t)) = o+ p(t) u,

whence
b= dp€ () = pu,
and

P=/pu,
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Proposition 4 A smooth motion p = p(t) € ST is the mazimal solution of
Cauchy problem

p = G(p) (1)
p(to) = Po p(to) = Vo (O)
with
Po = &£(po) € ST, Vo= dp,§ (v,) € Tp08+

iff it is the image by & of the maximal solution p = p(t) € RT of Cauchy
problem

dVv
. —_ 1/
Y dp ( )p
p(to) = Po » p(tO) = Vo (o)p
where .
Vip) :=—h—
(p) p

18 the coordinate expression in & of the gravitational potential energy

V(p) :=—h oy restricted to St.

Proof:  Just remark that, in the global chart &, Cauchy problem (1’)(o)
reads 2!

.. dV
plu, = —— U,

dp
04 p(to) U =0+ Py, plts) Uy = Vo1,
whence our claim. O
Recall that the second-order Cauchy problem (1'),(c), in the unknown

p = p(t) € R, can be reformulated as a first-order Cauchy problem in the
unknown (p,p) = (p(t),p(t)) € RT x R by putting >

p(tO) = Po » p(to) = Po ‘= Vo

Now remark that the above first-order equations are the Hamilton equa-
tions

. OH . 0OH
21 Recall the coordinate expression of p and G(p) = —h m%wﬁ =—h %z u,.

22 See HAD, section 4.6.2, First-order reformulation.
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associated with the Hamiltonian function

1
H:RTxR—R:(p,p) = Hp,p) = 50"+ V(p)

As H is a first integral of Hamilton equations, we have, along the maximal
solution (p(t),p(t)) € RT x R of the first-order Cauchy problem,

(pl0),2(0)) € H™e0) = {(p,p) €RF X R| 77 +V(p) = o
with

H(po, po)

1
= Ep?) + V(ﬂo)

1 0
= —vg—hE
Po

‘VOP —h

Co

m,

’po - O|

N~ DN

A qualitative analysis of the radial free fall p(t) corresponding to such a
solution, can then be carried out through the geometric-kinematic discussion
of the level line H1(c,) C RT x R, described by the algebraic equation

p=+\2c, — V(o))

time-oriented by the tangent Hamiltonian vector field
) < av
=\P ——
(p:p) dp

P1 1
- dp

t(p1) —t(po) = £ e

oH
(op) dp

OH
Lu(p,p) = (8_1)

and travelled according to the timetable

Portrait 1 Determine the graph of V' and then draw the level line
H™1(c,) 23 in two typical cases:

(i) Low energy: ¢, = FE <0, i.e

23 See HAD, section 3.2.2, Example.
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[vo| <

H~Y(E) is a time-oriented, connected line, contained in the strip

hm,
{(p,p)EWXRI/)SpE:—— g}

Such a line shows that the radial free fall p(¢) first proceeds with decreasing
scalar velocity |p| = |p| = |p| from the centre of attraction towards a point at
a distance pg, where it comes to a stop (owing to the low energy), and then
symmetrically goes back with increasing scalar velocity towards the centre of
attraction .

A discussion of the integral timetable for p — 0 and p — pg would
lead us to recognize a collapse onto the centre of attraction , and then incom-
pleteness, both in the past and in the future.

ii) High energy: ¢, = E' >0, i.e.
(ii) Hig gy ,

Vol >

H7Y(E') = CL, U C% is a time-oriented, disconnected line, contained in
the whole half-plane RT™ x R (CL, denotes the branch characterized by p > 0
and C%, the branch characterized by p < 0).

Such a line, together with the integral timetable, shows that the radial free
fall p(t) proceeds as follows.

Along C4,, where p > 0 (centrifugal velocity), p(t) comes out of the
centre of attraction (incompleteness in the past) and goes on towards infinite
distance, since its scalar velocity, though decreasing, keeps high enough (owing
to the high energy) to escape attraction.

Along C%,, where p < 0 (centripetal velocity), p(t) comes from infinite
distance and goes on with increasing scalar velocity as far as to collapse onto
the centre of attraction (incompleteness in the future). UJ

Non-radial free falls

Let k:t €l p=p(t) €& — {o} be the maximal solution of Cauchy
problem (1’)(o) with non-radial Cauchy data.

Owing to the first integral of angular momentum, the above maximal free
fall exhibits the following property :
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Proposition 5 « is a non-radial free fall
Qok#0
whose orbit lies on the holed plane
Im(k) C A, :=A— {o}

where
A := o+ Span (p, — 0,V,)

Proof: Along k , the non-radial character Qok = (p—0)Ap = (po—0)Av, #
0 implies

(Pp—0) ((Po—0)AVv,)=(p—0)-((p—0)AD)=0

that is,
p—o € Span~((p, —0) A v,) = Span (p, — 0, V,)

which proves our claim. O

On A, we now introduce a system of polar coordinates
ERTXR—= A, : (p,0) —»p=o0+(pcosfe; + (psinf)e,

whence p = |p—o| and 6§ = Z(p — 0,¢;) (mod 2r). ** We inform that £ is
a covering map, % owing to which a smooth motion p = p(t) € A, admits a
smooth ‘global coordinate expression’ (p,0) = (p(t),0(t)) € RT x R, i.e.

p = &(p0)
= o+ (pcosf)e; + (psinf)e,

whence

P = dipos(p,0)
= (pcosf — pOsinB)e; + (psind + po cos h)e,

and

p = ((p—60%p)cosf— (2p0 + pb)sinb)e,
+ ((p—6%p)sin® + (200 + pb) cos f)e,

2YHere (e1,e) denotes an orthonormal basis of Span (p, — 0,v,) and, in the sequel,
(e1,e2,e3) will denote the orthonormal basis of Eg, belonging to Or(Eg), obtained via
completion from (eq,es).

25 A covering map onto an n-dimensional manifold Q, is a kind of C™ surjective mapping
&: W CR" — @ which defines —via restrictions— a whole atlas of local charts on @, with
the property that any C*° curve v : I — @ admits some C*° lift a: I — W ie. v =E(oa.
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Proposition 6 A smooth motion p = p(t) € A, is the mazimal solution of
Cauchy problem

p = G(p) (1)
p(tO) = Po » p<to) = Vo (O)
with
Po = f(/)o, 90) S -/40 y Vo = d(Pc),@o)g (UO, VO) € TPOAO

iff it is the image by & of (p,0) = (p(t),0(t)) € Rt x R, where p = p(t) is
the mazimal solution of Cauchy problem

av,
- "0 1/
P dp ( )p
p(to) = po, Plte) = 0o (),
with
Ho := Pt = ((Po = 0) AV,) €3 # 0
2
. . R Mo Fo
VMD .R+—>R.pl—)vo(p) = —h7+2—p2
and 0 = 0(t) is given by the quadrature
"
9t590+/—0d7 mod 27 1’
0=0,+ [ e (moa 2m) (1)
satisfying the initial conditions
0(t,) = 0, (mod 27), 0(t,) = v, (0)g

Proof:  Check, by direct calculations, that initial conditions (o) can be
expressed —through £ in the form (0),(o)e.

Then remark that, in the above covering map, equation (1’) can be ex-
pressed —through & in the form 26

(p— 0%p) cos O — (2p0 + ph) sin@ = —h % cos

(p— 62p)sin b + (2p0 + pf) cos = —h % sin

26 Recall the coordinate expression of  and

Mo —o m, my .
G(p) = —h Wh = <_hp2 cos@) e; + (—hp2$1n9) ey
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that is,
2 m, o li 2/ . .
(p 9p+h—p2>0089 (p dt(p 0))81119—0
S 12 m, . li 2 _
<p 0p+h_p2)81n0+(pdt(p 9))0059—0

which is equivalent to
. A Mg
P — 92p + h F =0

L 020 =0
7 (r°0)
or, owing to (o),(o)g,
2
mO ILLO
p=—h—+ =
IR
p*0 = pu,
Hence our claim. U

Recall that the second-order Cauchy problem (1'),(o), in the unknown
p = p(t) € R can be reformulated as a first-order Cauchy problem in the
unknown (p,p) = (p(t),p(t)) € RT x R by putting 27

av,,

p(tO) = pO ? p(to) = po = Vo

Now remark that the above first-order equations are the Hamilton equa-
tions

oH . oH

P:a—pa pz—a—p

associated with the Hamiltonian function

1
H:RT xR—R:(p,p) = Hp,p) = 50" + Vi (p)

As H is a first integral of Hamilton equations, we have, along the maximal
solution (p(t),p(t)) € RT x R of the first-order Cauchy problem,

(0(), (1)) € H'(e) := {(0.0) € RY X | 257 + V() = )

27 See HAD, section 4.6.2, First-order reformulation.
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with
Co = H(pwpo)

1

= §pg+vﬂo(p0)
1, m,

= = < —h—
2P o T,
1

R
1 o

= v )r—h 2
2 |po_0|

A qualitative analysis of the non-radial free fall p(¢) corresponding to such
a solution, can then be carried out through the geometric-kinematic discussion
of the level line H1(c,) C RT x R, described by the algebraic equation

p== \/ 2(00 - Vuo(p))

time-oriented by the tangent Hamiltonian vector field
OH

oH dV,
r 5 = a_ TN = ) ——te
#(p:p) (8p (osp) p (pm)) (p dp

and travelled according to the timetable

)

o1 1
—dp

t(pr) —t(po) = £ o \/m

Portrait 2 Determine the graph of V, 2% and then draw the level line
H'(c,) * in two typical cases:

28 From
2
Ho
hm,

dav,

Ho _
dp

1
?(hmop_uz) § 0=p ; Ps 1=

it follows that V,, admits a minimum at the singular point p;, i.e.

1 hm02
wdm>Ep=wwm=—2(u )<0,Vp#m

29 See HAD, section 3.2.2, Example.
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(i) Low energy: ¢, = E <0 (Keplerian case), i.e.

For E = E,,3 H '(E,) degenerates into the singleton {(ps,0)}. In such
a case, one has p(t) = p, and then 6(t) = 0, + L3(t —1,) for all £ € R. As
a consequence, the non-radial free fall p(¢) is a complete, uniform, circular
motion with centre at o.

For E > E,, H™'(E) is a loop, contained in the strip

{(p,p) ERT X R | pin < p < Proaz }

(Pmin and pmey being the points where V, takes the value E).

In such a case, p(t) eternally oscillates between py,;, and ppe: and then
p(t) is a complete motion describing a bounded orbit (namely an ellipse, as
will be shown in the next Proposition ).

Along the ellipse, p(t) —under the effect of the gravitational attraction—
travels towards o with an increasing ‘radial velocity’ |p(¢)| = |p(¢)|, which
however, at due time, starts decreasing and then vanishes at all at the dis-

tance pp, (since, in the right hand side of equation (1'),, the ‘repulsive

2
7 pg&)
—h 5 ). After that, p(t) —under the effect of the repulsive barrier — travels
far away from o with an increasing radial velocity, which however, at due time,
starts decreasing (since the attraction prevails, for high values of p(t), on the
repulsion) up to vanishing at the distance ppq. (owing to the low energy) and

yielding again to gravitational attraction.

barrier prevails, for small values of p(t), on the gravitational attraction

(ii) High energy: ¢, = E' >0, i.e

|Vo| >

H~'(E') is a connected line, contained in the strip
{(p.p) ERT xR | p' < p < +00}

(p' being the point where V,, takes the value E').

30 Remark that, for £ < E;, H™1(E) is empty.
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In such a case, p(t) — +o0o when t — +oco and then p(t) is a complete
motion describing an unbounded orbit (namely a parabola or a branch of
hyperbola, as will be shown in the next Proposition).

Along such an orbit, under the alternating prevalence of the gravitational
attraction and the repulsive barrier, p(t) travels from infinite distance towards
o with an increasing radial velocity which, at due time, starts decreasing and
then vanishes at the distance p’. After that p(¢) travels far away from o
towards infinite distance, with a radial velocity which, at due time, again
starts decreasing, but still keeps high enough (owing to the high energy) to
escape from gravitational attraction. 0

Three more pieces of information on non-radial free falls will now be de-
duced from Proposition 6

The first piece of information concerns the orbit of a non-radial free fall.

Proposition 7 The orbit of a non-radial free fall is a conic section with a
focus at the centre o of attraction and it is an ellipse or a parabola or a
branch of hyperbola according to whether

2hm,
’po - O|

Vol ;

Proof:  The orbit of the maximal solution of Cauchy problem (1’)(o) in
Proposition 6, is described, in polar coordinates, by the function

with

t(f) being the inverse of 6(t). 3!

Owing to (1), we have

31 The invertibility of 0(t) is guaranted by (1')g, i.e.

. Lo
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dp o d o dp o d [ o

b= ig=ig (%) -5 (5

_oppd (o d (1\dp\ _ pid

- S (- () 36) ~ i
po &

Then, owing to (1),

with

So

po &> (1N _ pl
p2d92 P _ps
@y _ 1 m,
> \p)  p 4
@1y _ 1. 1
> \p)  p
¢ (1 1\ (1
o> \p ¢/  \p
(11N, (1
do*> \p g p
e Ho
" hm,
11
0) = — —
=20 " w

is the maximal solution of the ‘harmonic oscillator’

d*x
W‘f‘l‘:o

satisfying, owing to (o),(o)g, the initial conditions

25
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and
"0,) dx dp~! 1 dp 1dp| dt 1 v,
X o = — = = —— — = —— — _— = ——
e le, o le, p2 df s, p2 dt 1t,dO e, P2V,
Such a solution is easily seen to be given by
1 1 o
e cos(f + ,)
P Qo Qo

(defined on the largest open interval, containing 6, , where inequality

1 0
. cos(f + p,) >0
4o Go

is satisfied), the constants
e, >0

and
0o € (=0, — 7, —0, + 7]

being determined by the above assigned values of (x(6,),2'(6,)), since initial
conditions

2(6,) = 2 cos(By +00) . ' (6,) = —2 sin(6, + o)

o do

imply

e 2 12

E =T (90) +x (60)
and, if e, > 0,

o 00
0, + ¢, = £ arccos (m)
60

(the sign + or - being to be chosen, according to whether 2/(6,) < 0 or
2'(6,) >0).
Hence we obtain

B Go
14 e,co8(0 + @)

p

which, as is known from geometry, is the equation, in polar coordinates, of
a conic section with a focus at the point o, namely an ellipse if e, < 1 (in
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particular, a circle if e, = 0), a parabola if e, = 1 or a branch of hyperbola
if e, >1.
Through simple calculations on the above value of €2, we finally obtain

2 < 2hm,
ol >

e S 1<>|v p
o

which completes our proof. O

The second piece of information concerns the areal velocity of a non-radial
free fall. 32

Proposition 8 The areal velocity A(t) —with respect to the centre o of at-
traction — of a non-radial free fall, is a non-null constant.

Proof: ~ The areal velocity of the maximal solution of Cauchy problem
(1')(o) in Proposition 6, is given, owing to (1'), by

which proves our claim. O

The third piece of information concerns a Keplerian motion, i.e. a non-
radial free fall with elliptic orbit.

32Consider a smooth motion t € I C R — p(t) € A, — {0} and, for any t,t+a € I, put

((p(t) —0) A (p(t +a) — o)) -es

N =

area (0,p(t),p(t+a)) :=

Check that, if the points are not aligned, the above quantity is the area of the corre-
sponding triangle or its opposite, according to whether (p(t) —o, p(t+a)—o, 63) € Q or not.

For ‘small’ values of |a|, area (o,p(t),p(t + a)) can approximately be thought of as the
‘oriented area’ swept by the radius vector (p(t) — o) after a (positive or negative) time
interval a; as a consequence, when a — 0, the limit

A(t) = tim g T COPOPEED) L) o) np(1) ey

is called areal velocity , with respect to o, at time ¢.
In polar coordinates, it is expressed by



28 1 Celestial dynamics

Preliminarly remark that the period of time taken by a Keplerian motion
p(t) to make a revolution, i.e. to travel its elliptic orbit, is

B 2mab
Ho

T

(a and b < a being the semiaxes of the ellipse), since the area mab of the
ellipse is swept by the radius vector (p(t) — o) with constant areal velocity .

Proposition 9 The ratio Z—j 1s the same for all the Keplerian motions.

Proof: Recall that, for any given Keplerian motion, the parameter ¢, of
its elliptic orbit is given by
o= to
" hm,
and that the period of revolution is given by

B 2mab
o

T

Moreover recall that, as is known from geometry, the parameter ¢, and
the couple of semiaxes (a,b) of an ellipse are related to each other by

b2
4o = —
a
Hence 9
pi 1 (T T
hm, a a\2ra) 47243
that is,
T2 B Ar?
a3 hm,

The above result shows that the ratio Z—; does not depend on the Keplerian
motion taken into consideration. 0

Kepler’s laws

In the Copernican reference space Ec, i.e. the Galileian reference space
where the Sun is stationary, we can apply the above results to any single planet,
meant as a test particle freely falling in the gravitational field of the Sun.
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Thus, if we start from the fact that, at any ‘initial’ time, the ‘actual’
motions of the planets exhibit non-radial initial conditions satisfying the ‘low
energy’ condition, then we deduce that the above motions are all maximal
solutions of the universal equation (1) satisfying —owing to Propositions 7, 8
and 9 the historical Kepler’s laws:

1. The orbit described by a planet round the Sun is an ellipse, with a focus
in the Sun.

2. The areal velocity of a planet with respect to the Sun is constant.

3. The ratio :—; is the same for all of the planets.

1.2.3 Rigid body

We shall now adopt the model of a ‘small” 3-dimensional rigid body in celestial
dynamics.

Newton and Fuler’s equations

Let R = (Q,m,F) be a mechanical system corresponding to the one-body
problem of a ‘small’ 3-dimensional rigid body freely falling in the gravitational
field G generated by a source of mass m, stationary at a ‘distant’ point
o of a Galileian reference space & . At any admissible configuration p =
(pi)i=1..., € Q, with centre of mass ¢ € & , ** in the approximation p; —o =
(pi —¢) + (c — o) = ¢ — o due to hypothesis |p; — ¢| < |c —o| (‘small’ body
and ‘distant’ source), we have

Fi(p) = miG(p:)

m;Ms, P; —O

_’Pz‘ —0|2 ‘Pz‘ —0|
m;m, C—0O

Q

e o e —of

= m; G(c)
Hence

R(p) = X7 Filp)

> i1 mi G(e)

= (i mi)G(e)

= m,G(c), my:=>_ m

Q

33 See HAD, section 2.3.1.
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and

T'(p) = Y (pi —c) AFi(p)
~ Y (i —c) Am; G(c)
= i mi(pi —¢) AG(c)
= (2= mi(pi —¢)) A G(e)
0

As a consequence, 3 the DPMs of R are the admissible motions character-
ized by the motions ¢ = c¢(t) of the centre of mass and the motions A = A(¢)
around the centre of mass satisfying Newton equation

¢c=Goc

and Euler geodesic equation

respectively.

Keplerian motions and regular precessions

In the Copernican reference space &£:, we can apply the above results to
any single planet (e.g. the Earth), meant as a rigid body freely falling in the
gravitational field of the Sun.

Thus, if we start from the fact that the actual motion in & of the centre
of mass of a planet exhibits —at any initial time — non-radial initial conditions
satisfying the ‘low energy’ condition, we deduce that the above motion is a
maximal solution of Newton equation satisfying Kepler’s laws. 33

Moreover, if we assume that a planet has a gyroscopic structure around an
axis passing through the centre of mass (e.g. the terrestrial axis in the case of
the Earth), we deduce that its motion around the centre of mass is a regular
precession with a proper uniform rotation around the gyroscopic axis or, if it
exhibits —at any initial time— an initial angular velocity with the direction of
the gyroscopic axis, just a uniform rotation around that axis. 36

34 See HAD, sections 2.3.4 and 2.3.5.
35 See section 1.2.2, Kepler’s laws.
36 See HAD, section 2.3.5, Fuler geodesic equation.



Chapter 2

Terrestrial dynamics

Terrestrial dynamics is basically concerned with the possible motions, with
respect to the Earth, of a test particle (or a ‘small’ rigid body) subject, at
least, to terrestrial gravity, resulting from the gravitational attraction of the
Earth and the ‘gravitational supplies’ that are due to the motion of rotation
of the Earth with respect to a Galileian reference space.

2.1 One-body problem

If the couple (Earth, test particle) is regarded as an ‘isolated’ system, then !
there exists a Galileian reference space £ (modelled on FEg ) where the centre
of Earth —meant as a source of gravitation carrying the whole terrestrial mass
m, — is at rest (say at o € &) and the free falls of the test particle of mass
m are characterized as the DPMs of

Cl = (gg - {O},TTL, F)
where
F:=mG
and
m, Pp—oO
Ip—o|?[p—o

G:& —{o} = Eg:p— G(p):=—h

that is, as the smooth motions p(t) in &; satisfying the admissibility condition

p(t) € & — {o}

1 See ‘Test particle in a gravitational field’ in section 1.2.1.

31
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and the ‘universal’ equation

p(t) = G(p())
— _h my p(t)—O

Ip(t) —of? |p(t) — o]

Such a one-body problem (as well as other related problems) will now be
discussed in the terrestrial reference space, where the whole Earth is at rest.

2.1.1 Terrestrial gravity

In the terrestrial reference space, the focal point is that the gravitational field
generated by the terrestrial mass is altered by some additional dynamical ef-
fects, that are due to the motion of rotation of the Earth with respect to the
above Galileian reference space.

Rotation of the Earth

Let S~T ( modelled on ET and equipped with the ‘anti-clockwise’ orienta-
tion) be the terrestrial reference space, where the whole Earth is at rest.

With respect to &g, the motion of (‘:’T can (approximately) be described
as a uniform circular motion of rotation round the terrestrial axis (passing
through the centre of the Earth 6 € é:T , stationary at o € &, and oriented
towards the North), say

&, =& P (D) =0+ A(p—0)

where the derivative of A; corresponds to the constant terrestrial angular ve-
locity w(t) = w, (whose oriented direction is that of the terrestrial axis). 2

A smooth motion p(t) € &, will be said to be a free fall of the test particle
in &, ,iff

p(t) := au(p(t)) = o+ Au(B(t) — 0) € &
is a free fall in & .

Now recall the composition law of accelerations *

p(t) = A, (B(1)) + @3 (B(t) — Br (1)) — 2%, AD(?)

2 See Appendix, 3.1.
3 See Appendix, 3.2. For any p € £, , P, denotes its orthogonal projection onto the
terrestrial axis. Moreover we put w,.

=W
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and the transformation

- my, p(t) —o _ m.,. p(t) —o
4 ( : \p<t>—o!2|p<t>—o\) "

From the law characterizing the free falls in £&; and the above results, it
follows that p(t) € &£, is a free fall of the test particle in &, , iff it satisfies the
admissibility condition .

ﬁ(t> < gT - {6}

and the ‘universal’ equation

Terrestrial field of gravity

The terrestrial reference space will now be denoted by &. (modelled on
E, and equipped with the ‘anti-clockwise’ orientation). *

Owing to the above results on the dynamical effects of the terrestrial ro-
tation, the free falls in &£, of a test particle of mass m are the DPMs of
mechanical system 77 := (ST —{o}, m, FT> , where o € £, denotes the centre

of the Earth and the force of gravity ¥, is defined by

F,=mG,

where °
G,: (& —{o}) xE, - E,:(p,v) = G.(p,v) :=g,(p) — 2w, AV

gr + & — {0} = B :p > g,.(p) := G(p) +wi(p — py)

m, p—o0
[p—of*|p —of
In a more ‘realistic’ model, the configuration space should be assumed to

be €. — O, where O (open ball centred at o) denotes the stationary position
occupied by the whole ‘spherical” Earth in &, .

G:& —{O0} = E,:p— G(p):=—h

4 The ‘tilde’ will then disappear from all of the symbols adopted in the previous subsec-
tion.

5 For any p € £, p, will denote its orthogonal projection onto the terrestrial axis.
Moreover w,. will denote the constant terrestrial angular velocity (whose oriented direction
is that of the terrestrial axis pointing to North) and w, := |w,|.
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So
Ty = (gT - (’),m,FT>

corresponds to the ‘one-body problem’ of a test particle of mass m freely falling
in the terrestrial field of gravity G, , % resulting in &, from the Newtonian
gravitational field G(p) of the Earth (whose mass m, is thought of as con-
centrated at the centre o) plus the centrifugal gravitational supply w?(p—p,.)
and the Coriolis’ gravitational supply —2w, A v, that are due the rotation of
the Earth with respect to the Galileian reference space where the centre of the
Earth is at rest.

The DPMs p(t) € £, — O of T, are then characterized by the ‘universal’

equation

p(t) = G, (p(t), b(t)) (1)
owing to which, the free falls of a test particle of mass m do not differ from
those of a unit mass m = 1, i.e. the free falls in the terrestrial field of gravity
are the same for all the test particles (universality of free falls).

Remark that the dynamical effects of the terrestrial rotation have been
called ‘gravitational supplies’ and then thought of as being ‘equivalent’ to grav-
itational forces (equivalence principle), since they —added to the Newtonian
gravitational field — preserve the universality of the free falls.

In a ‘small’ open region ), C &, — O ‘near’ the surface of Earth, the
centrifugal gravitational supply can be neglected (owing to the ‘smallness’ of
w,. ) with respect to the ‘strong’ Newtonian gravitational field of the Earth,
whose variations all over @, are in turn negligible. ”

So the positional part g, of the terrestrial field of gravity, can locally be
approximated by

g-(p) ~ g = const. # 0

6 Here G, is thought of as restricted to (&, —{O) x E,..

T As w, is ‘small’, say w? < hm, /r3 (7, being the radius of the Earth), the gravi-
tational field G(p) prevails on the centrifugal field w?r (p — p,) at any point p € £, ‘near’
the surface of the Earth (where |p —o| & r,. ), since

m
wplp = pr| Swilp —of mwir, < b ~[G(p)|
T
Therefore, near the surface of the Earth, we have g, (p) =~ G(p) ~ —(hm,/r3) (p—0) #0,
Le. g~ —(hm,/r3)y #0 (where ¢ : p € . — 9(p) := p—o € E,. is an affine mapping,
with linear part idg_ ), and hence —for any ‘small’ displacement p € E,., say |dp| < 7, —
the increment of g, turns out to be negligible
m m
dpgy (0p) ~ —h —5= dpy(6p) = ~h —5= 6p = 0

3
T T
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for all p € Q,.
As a consequence, in the above order of approximation, we shall put

G,(p,v)=g—2w, AV
and then, for p(t) € Q,, equation (1) will take the form
P(t) = g — 2w, AD(t)

Moreover, since Coriolis’ gravitational supply will be shown to be negligible
along free falls of ‘short’ duration, ® we can put

G,(p,v) =g

and then, for p(t) € Q,, equation (1) will take the simpler form
p(t) =g (1)

which, for all practical purposes, is the usual ‘local formulation’ of Newton’s
law of free falls in the terrestrial field of gravity (owing to such a formulation,
g is called acceleration of gravity).

Condition (1)’ characterizes the DPMs p(t) € Q, of (Q,,1,g), which is a
conservative mechanical system, since

V:Q, > R:p—=V(p):=—g-(p—c)

(for any choice of ¢ € &r) is the potential energy of g. °

So, the terrestrial field of gravity can locally be described as a potential field
—V, whose effect is that of transforming the ‘flat’ Euclidean geometry K of
&, with ‘rectilinear’ geodesics (the ‘inertial motions’ in Newton’s conception)
into a ‘non-flat” Lagrangian geometry L := K —V with (generally) ‘curved’
geodesics (new ‘inertial motions’, coinciding with the free falls). '©

8 See Fulls in the vacuum (ii) in section 2.2.1.
? Remark that V = —g -1, (where ¢ : p € &, = 9(p) := p—c € E, is an affine
mapping, with linear part idg,_ ). Owing to Leibniz rule, we have

—dpV =g-dpp=g-idp, =g

10 See Geometrical v. dynamical gravitation in section 1.2.1.
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Newton’s principle in terrestrial dynamics

It is a matter of daily experience that additional forces may act or may
be made to act on a test particle in &, , with the result of turning motions
different from the free falls into dynamically possible motions.

Such a case corresponds to a mechanical system
7 = (€, - 0,m.F)
where
F:=mG, +F®

is the sum of the force of gravity Fr = m G, and some ‘additional’ force F(@
ie.

F:Rx (&, —{o})xE, = E,: (t,p,v) = F(t,p,v) = mG.(p,v) +F@(t,p,v)

The DPMs of T;® are then the smooth motions p(t) € &, — O satistying
Newton’s principle

mp(t) = m G, (p(t), p(t) + F(¢,p(t), p(t)) (2)

A point p,. € £, — O is an equilibrium configuration of 7-1((1) , iff equation
(2) admits the static solution 7, : t € R p,(t) =p. € £, — {0}, ie.

mPu(t) = m g, (p(t)) = 2mw, Ap(t) + FO (2, pu(t), bult))

that is to say,
F@(t,p.,0) = —mg,(p.)

As a consequence, when F(® = 0, there is no equilibrium configuration
near the surface of the Earth (where g, # 0). In order to keep a test particle
of mass m stationary at a given point, one has to apply an additional force
F(@ able to ‘counterbalance’, at that point, the weight force field acting on
m, i.e.

W, = Mg,

For p(t) € ), (small open region near the surface of the Earth), equation
(2) takes the simpler form

mp(t) = mg+F(t,p(t),b(1)) 2)
where weight takes the constant value

Wy =mg#0
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The ‘universal’ direction Span(g) of the weight is called vertical.

Check that the universality of the vertical direction —confirmed by FEotvos’
celebrated experiments on plumb lines — is one more consequence of the identity
of inertial and gravitational mass. 2

d’Alembert’s principle in terrestrial dynamics

The case of a test particle subject to any kind of holonomic constraint,
corresponds to a mechanical system

T = (Q,m, F)

where
QCé&,

is the configuration space allowed by the constraints and

F:=mG, +F@

According to the general theoretical frame of classical dynamics, ** the
DPMs of T are the admissible motions p(t) € @ satisfying Newton’s principle

mp(t) =m G, (p(t), p(t) + F(t, p(t), b(t)) + @ (t)

with a right hand side encompassing the (unknown) constraint reaction, ‘or-
thogonal’ to @ *
D(t) € T @

1 The two orientations of Span(g) determined by g and —g are called descending and
ascending, respectively. A straight line § = p+ S C &, is said to have a vertical or
horizontal direction S, according to whether S = Span (g) or S C Span® (g), respectively.
A plane A =p+ A C &, is then said to be horizontal or vertical, according to whether the
orthogonal direction S := Al is vertical or horizontal, respectively.

12Notice that the force of gravity Fr(p,v) = m G,.(p,v) = mgr(p)—2m wr Av, acting on
a test particle of inertial mass m and gravitational mass M , should be defined by putting
gr(p) := 2 G(p) + wh(p—pr) . As a consequence, the direction Span(gr(p)) of the weight
force mgr(p) at a point, turns out to be universal, iff so is the ratio % , e.g. (once chosen
the same body as a unit of both inertial and gravitational mass) % =1 for all the particles.

13 See HAD, section 2.2.2.

14 Possible constraint frictions, which admit a ‘tangent’ force field description, are meant
to be embodied in F(®)

Recall that T;-Q denotes the orthogonal complement of T,Q) in E,. .
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In other words, the DPMs of T are the admissible motions

p(t) € Q
satisfying d’Alembert’s principle
m G, (p(t), p(t)) + F (¢, p(t), p(t)) — mp(t) € Ty Q (3)
or, in the usual local formulation,
mg+F@(t,p(t),p(t) —mp(t) € Ty Q (3)'

Obvious is the extension of the above theory to a system consisting of
v > 1 test particles.

2.1.2 Galilei’s principle of relativity

We shall now study the effects of a reference transformation

o€ = & P (D) =0 + A(p — 0)
on ‘local’ terrestrial dynamics.

Free falls and Galileian transformations

Let us start with the free falls.

A smooth motion p(t) € & will be said to be a ‘free fall’ of a test particle
in 83, if
p(t) == au(D(t)) = or + A¢(B(t) — 6)

is a free fall in &, i.e. (locally)

p(t) =g (1)
with
g = const. # 0
The DPMs of such a system are those of T := (Q,m,F), where Q C &Y,

m = (my,...,m,) € (R)Y and — for any t € R, p = (p1,..-.,p,) € Q and
v = (vi,...,v,) € TpQ — F(t,p,v) := mGC,(p,v) + F@(t,p,v) with mG,(p,v) :=
(m1 G, (p1,v1),s .-, my G, (Py,Vvy)), substituded, in the local formulation, by mg :=
(mlgv"'vmlzg)‘

16 See Appendix 3.1.
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Owing to the composition law of accelerations *

p(t) = A, (B(1)) — a(t, B(t)) — 20(t) A b(t)

p(t) is a free fall in &, iff

with
g(t) == A7 '(g) #0

which shows that, in & , the field of gravity is locally described by the vector
field

G(t,p,¥) = &(t) — (. p) — 20(t) A ¥

resulting from the terrestrial gravity field g(t) plus the gravity supplies —a(t,p)
and —2@(t) Au, which are due to the motion of £ with respect to the Earth.
Notice now that the free falls in & are locally characterized by equation

p(t) = &(t)
iff & is related to &, by a Galileian tranformation, and, in such a case,
g(t) =g = const. # 0

(indeed, the equation characterizing the free falls in &; takes the above simple
form, iff the vector field a(t,p) 4+ 2w(t) A v vanishes identically, that is, iff «
is a Galileian transformation, i.e. 0; = const. and A; = const.; moreover,
from A; = const. —i.e. w(t) =0- it follows that '® g(¢) = const. # 0).

So the free falls in a reference space & related to &, by a Galileian trans-
formation, are locally characterized by an equation which does not differs from
equation (1) locally characterizing the free falls in &, .

17 See Appendix 3.2.
18 From g = A;(g(t)), we obtain (by derivation)

0= A, (8(1)) + Ai(&(t) = Au(&(t)) + (A0 AT)(g) = Au(8(1) +w(t) Ag

whence
() =0 <= w(lt)Ag=0

As a consequence, we have g(t) = g = const. , iff, for all t € R, w(t) is null or vertical.
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d’Alembert’s principle and Galileian transformations

Such a result can be extended to a more general situation, as follows.

Let &; still be a reference space related to &, by a Galileian transforma-
tion.

Owing to the above result, in &; the local field of gravity only consists of
the terrestrial field, i.e. g§ = const. # 0.

Then consider a test particle (of a given mass m ) subject in & to the
same constraints and the same additional forces as those imposed to a test
particle (of equal mass) in £, (whose DPMs are those of 7 '), that is to say,

7= (@,m, F)

where @ C &; is characterized by the same equalities/inequalities as those
characterizing ) C &, , and F := mg + F@, F@ being the same vector-
valued mapping as that describing F(® .

The DPMs of T are characterized by conditions

p(t) €Q, mg+F(t,p(t),b(t) —mp(t) € Tyy@Q

which, under the above hypotheses, do not differ from those characterizing the
DPMs of T .

Hence: “No Galileian transformation from the terrestrial reference space
to a new reference space, will ever be detected by therein observing the local
motions of test particles” (Galilei’s principle of relativity in terrestrial dynam-
ics).

2.2 Miscellaneous problems

Now we shall discuss quite a number of dynamical problems, concerning test
particles subject to the combined action of different kinds of constraints and
forces in the terrestrial (or a moving) reference space.

2.2.1 Unconstrained body

We start with the study of the dynamically possible ‘falls’, with respect to the
terrestrial reference space &, , of an unconstrained test particle both in the
vacuum and in the air. The effects of some non-Galileian reference transfor-
mation will also be analysed.

19 See section 2.1.1, d’Alembert’s principle in terrestrial dynamics.
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In any case, we shall only think of ‘local’ falls occurring in ‘small’ regions
of £, near the surface of the Earth, where the positional part of the terrestrial
field of gravity can be regarded as a non-null constant vector field g (however,
from a purely mathematical point of view, g will be treated as a constant
vector field defined all over &, ).

Falls in the vacuum

(i) For a test particle in &, the dynamically possible local falls in the vacuum —
or local free falls — are the DPMs of the mechanical system 77 = (£,.,m,mG,),
where, neglecting the dynamical effects of the terrestrial rotation, we put

Gr(p,v) =g.
The DPMs of 7T; are characterized by Newton’s law
pt) =g (1)’
to which we add initial conditions
D(to) = Do s Dlto) = Vo ()

for any (to,posVo) ERXE,. X E..
The maximal solution of Cauchy problem (1)'(¢) is immediately seen to be
given, for all t € R, by

1
p(t) :=po + Vo(t — t,) + 58 (t—t,)?

For a qualitative analysis of p(f) and its derivative
p(t) = vo +g(t —t,)
we shall distinguish two cases.
First consider the case of null or vertical initial velocity, i.e.
v, € Span (g)

That amounts to saying v, = v,,u, where u := —% (with ¢ := |g|) and
then v,, = v, - u.
In such a case, the above solution reads

p(t) =po + 2(t)u

with X
2(t) == v, (t — t,) — 59 (t—t,)?
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and its derivative reads

with
2(t) == o, — g (t —15)
So p(t) is a rectilinear motion along the vertical straight line

S :=p, + Span (u) = p, + Span (g)

whose velocity only vanishes at time
=t + —
g

For all ¢t # t*, the ascending or descending character of p(t), i.e. the
increasing or decreasing rate of height z(¢), can be deduced from the sign of
Z(t), given by

()2 0e=tst*

Moreover, for all ¢ # t* | the decelerated or accelerated character of p(t),

i.e. the decreasing or increasing rate of scalar velocity

p2(t) = 22(25) - ng - 2Uozg(t - to) + 92(t - to)Q

(whose limit for ¢ — Foo is +00), can be deduced from the sign of

dp?  dz?
—_—=—=2 t— to — Uoz
o = = 2909t = to) = o)
given by
dz?

So, along a vertical fall, a test particle first moves upwards with a decreasing
scalar velocity, comes to a stop at a time ¢* and then falls downwards with an
increasing and unbounded scalar velocity.

Then consider the case of non-null and non-vertical initial velocity, i.e.
Vo & Span (g)
That amounts to saying v, = v,e + v,,u with v,, # 0, where e €
(Span (g,v,) with |ef=1 and e-u=0).

In such a case, the above solution reads

p(t) = po + z(t)e + z(t)u



Terrestrial dynamics 43

with X
w(t) 1= voa(t —to) , 2(t) = va(t —10) = 59 (t = to)”
and its derivative reads
p(t) = 2(t)e + 2(t)u
with
(t) = Vog, Z(t) = 0o, g (t — 1)
So p(t) is a parabolic motion on the vertical plane

A :=p, + Span (e, u) = p, + Span (v,, g)

whose orbit is the unbounded, connected, non-degenerate conic section of equa-

tion 2° and whose velocity has a vertical component which only vanishes at
time v
=t + =
g

For all ¢t # t*, the ascending or descending character of p(t), i.e. the
increasing or decreasing rate of height z(¢), can be deduced from the sign of
Z(t), given by

()2 0e=tst

Moreover, for all ¢ # t*, the decelerated or accelerated character of p(t),
i.e. the decreasing or increasing rate of scalar velocity

p(t) = &2(t) + 2°(t) = v2y + Vo — 200:9(t — to) + ¢°(t — t,)?
(whose limit for ¢ — Foo is +00), can be deduced from the sign of

i dz?
dt — dt

20 The algebraic equation of the orbit can easily be obtained from its parametric equations

= 29(g(t = 1o) = vo2)

T =Vop(t —to), 2=10o.(t —t,) — %g(t —t,)?
by substituting the value t —t, = ﬁ , deduced from the first equation, into the second one.
Check that the parabola meets the horizontal axis p,+ Span (e) at the points p; := p, and
P2 := Do + L";v"z e.
The range of the parabola —i.e. the distance r between p; and ps—is expressed, in function
on the norm w, := [v,| > 0 and the slope o := Z(v,,e) € [0,F) of v, (owing to which
Voz = Vo cos @ and v,, = v,sina), by

2000V 2 v2
ro= = 22cosasina = -2 sin 2«
g g g

So, for any given initial scalar velocity v, , the range r of the parabola takes its maximum

value at a slope of o= 7.
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given by
dz?
dt
So, also along a parabolic fall, a test particle first moves upwards with a
decreasing scalar velocity till a time t* and then falls downwards with an
increasing and unbounded scalar velocity.

SO0<==tst"

(ii) Now we want to appreciate the effect of the terrestrial rotation on the
local free falls, i.e. we put G, (p,v) =g — 2w, A V.
Equation (1)’ is then substituted by

B(t) = g — 2w, AD(t) (1)

to which we add, for the sake of simplicity, initial conditions of the type

p(to) =po, D(t,) =0 (o)

for any (t,,po) € R x E...
A solution p(t) of Cauchy problem (1)”(o) can approximately be expressed
by

p(t) =~ p(to) + D(to) (t—to)+%p(to) (t—t0)2+%f)(to) (t —t,)°

1 1
= po+§g(t—to)2+§(g/\WT)(t—to)3

= p(t)+ % (g Aw,) (t—to)°

where the vertical fall py(t) := po+3 g (t—t,)? is a solution of Cauchy problem
(1)'(e).

So, at the above order of approximation, the expected effect of the terres-
trial rotation is the deviation

(1) = pr(6) 5 (g Aw,) (¢ = 1,)
Wherever g A w, # 0 2! and for all ¢ > ¢,, the above deviation is non-null
and has the same horizontal direction and eastern orientation of g A w,. .

As the length of such a deviation is proportional to (¢ —t,)%, it rapidly
decreases when ¢t —t, — 0 (i.e. when one considers a fall of very short
duration), whereas it rapidly increases and becomes appreciable when t—t, —
+00 (i.e. when one considers a fall of longer duration).

2L o Aw,. = 0 only ‘near’ the Poles of the Earth.
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Falls in the air

For a test particle in &, the dynamically possible local falls in the air are
the DPMs of the mechanical system 7'1(“) = (&,,m,mG, +F®) where the
terrestrial field of gravity is assumed to be expressed by the constant vector
field G, = g, and the ‘wind resistance’ is assumed to be expressed (at least
within a suitably small range of scalar velocities) by the dissipative force field

FO9:E - E, :v—FI9%) = —klvlv, k>0

which vanishes at v =0 and, at any v # 0, has the same direction as v, the
opposite orientation and a norm proportional to |v|?. In such a case, Newton’s

law (2) —characterizing the DPMs of T, takes the form (2)’, namely

k
p(t) =g — — |p(t)|p(t 2)
B(t) =8~ [p(0)Ip(t) &)
to which we again add, for the sake of simplicity, initial conditions of the type

p(to) = DPo p(to) =0 (O)

for any (t,,p,) € R x &,
The maximal solution of Cauchy problem (2)'(o) is easily seen to be the
vertical fall 22

p(t) := po + z(t)u
where z(t) denotes the maximal solution of Cauchy problem consisting of
equation

i(t) = —g — 5%2’2(75)

(with e = 1 or ¢ = —1 according to whether 2(t) > 0 or 2(¢f) < 0) and
initial conditions

2(to) =0, 2(t,) =0

In fact the above p(t), whose first derivative p(f) = 2(¢)u has norm |p(¢)| =
|2(t)| = e 2(t) , satisfies both equation

p(t) = Z(t)hu

- —gu— %(62@))2(15)11

= e Sl

22 Recall that u := —% with g :=|g].
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and initial conditions

p(to) = po + 2(to)u=po , D(ts) = £(to)u=0

Now remark that, from 2(¢,) = —g < 0, it follows —by continuity— that (at
least in an open neighbourhood of t,)

Z(t) <0

and then £(¢) behaves as a decreasing function of time. Hence, owing to
#(t,) =0,
Ht)Z 0=t t,

and, owing to p2(t) = 2%(t),

dp? i < <
o= 2:(t)i(t) = 0=t = t,
So the vertical fall p(¢) exhibits the same ascending/descending and deceler-
ated /accelerated characters as a vertical fall in the vacuum.

In order to show the effect of the wind resistance on the descending fall, we
shall explicitly determine 2(t) for ¢ > t,, i.e. the solution of the problem 23

d. .2
d—’;:— <1—%><0, Ht,) =0
with
_ Mg
V==

As Z(t) is an increasing (and then invertible) function, we can consider the
inverse function ¢(Z), whose derivative is

A
d:  \dt

and satisfies

23 Recall that, for ¢ > t,, we have #(t) <0 and then e = —1.
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By a quadrature, we obtain

1 [ 1 1 .
t = to——/( -+ .)dz
1 [*d 3 3
= t,— — V1 — Vi 1—— d?
29/ d2< Og( V) Og< V)) :
- 0 / ( )dz
2g 1——

that is,

Hence, for t > t,,

2
Ip( )| |Z( >| ( e\}q(tfto) 1>

As a consequence, a test particle descends in the air with a scalar velocity,

which — although increasing in time— is upperly bounded by a critical value V
(whose square is inversely proportional to k). 2*

Falls in translating spaces

Let oy :p € E — au(p) = 0y + A(p—6) €&, be a reference transformation
from the terrestrial space £, to a ‘moving’ space £, where the local free falls

24 A parachute, for instance, is planned so as to provide a suitably high value of the wind
resistance coefficient k£ and then obtain a suitably small value of the critical velocity V.
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of a test particle are characterized by equation 2

p(t) = &(t) —a(t, p(1)) — 2&(t) A p(1)

We shall discuss the above equation only under the hypothesis of & being
a translating space
A; = A = const.

with a non-null, constant, vertical acceleration

6t:a§, a:=const. 20, g:=|g| = const. >0
g

That implies g(t) := A, ( ) A7Y(g) =: ¢ = const. (whence |g| = ¢g),
a(t,p(t)) =a? £ and @(t) = 0, and then the above equation reads

[}
~—
—
SN~—
<

p(t) =
with

1) First we consider an ascending acceleration, i.e. a < 0.

As g —a > 0, the constant field of gravity G is a descending vertical
force, with norm |G| g—a>g (in &, , the weight of a test particle just
appears to increase in amount). Equation (1)" will therefore have solutions
whose behaviour is the same as that of the motions obeying equation (1)’

2) Now we consider a descending acceleration, i.e. a > 0.

(i) Let a < g.

As g —a >0, the constant field of gravity G is still a descending vertical
force, but its norm is |G| =g—a<g (in &, , the weight of a test particle just
appears to decrease in amount). Equation (1)’ will therefore have solutions
whose behaviour is the same as that of the motions obeying equation (1)’

(ii) Let a=g.

In such a case, G = 0 (in the freely falling space &, the weight of a
test particle vanishes as if gravity did not exist at all). Equation (1)’ will
therefore have solutions whose behaviour is the same as that of motions obeying
Newton’s law of inertia.

(iii) Let a > g.

As g—a < 0, the constant field of gravity G is now an ascending vertical
force (in &, the weight of a test particle ‘points upwards’). Equation (1)’ will
therefore have solutions whose behaviour is the ‘reverse’ of that of the motions
obeying equation (1)’.

25 Qee 2.1.2.
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2.2.2 Constrained body

We shall now pass on to the study of the possible motions of a constrained
test particle in a number of dynamical situations. The configuration space of
the particle will be a smooth curve or surface of the terrestrial (or a moving)
reference space. 20 The terrestrial field of gravity will be regarded as a non-null
constant vector field g on &, .

1 degree of freedom

We shall first consider a test particle with one degree of freedom in the terres-
trial (or a moving) reference space, that is to say, a mechanical system

T:=(Q,m,F)

whose configuration space () is a smooth curve —i.e. a l-dimensional, con-
nected manifold — of the given reference space.

We inform that such a ) admits a global parametrization
Q@ =1Im¢
provided by a global chart or a covering mapping 27
EWCR—=Q:s—p=p(s)

whose derivative
)=

u(s =l

€ Ts@

has non-null constant norm
lu(s)| = u = const. >0

whence

du 1 du?
To(5)@ = Span (u(s)) , =g o= 0

Moreover, any admissible motion p(t) € @) admits some ‘global coordinate
expression’ s(t) € W through ¢, i.e.

p(t) = p(s(t))

26 Here ‘moving’ means ‘moving with respect to the Earth’.

27 Recall that a covering mapping onto an n-dimensional manifold @Q, is a kind of surjective
mapping & : W C R® — @ which defines —via restrictions — a whole atlas of local charts
on () with the property that any C*° curve k : I — @ admits some C* ‘lift’ o : [ — W
through ¢,ie. Kk=¢oa.
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whence

and then

As a consequence, an admissible motion p(t) = p(s(t)) € @ is a DPM of
T, i.e. satisfies d’Alembert’s principle

F(t,p(t), p(t)) —mp(t) € T @ = Span™ (u(s(1)))
or, equivalently,

mp(t)) - u(s(t) = F(t,p(t), p(t)) - uls(t)

iff it corresponds through ¢ to a solution s(t) € W of the global Lagrange
equation %

m(t) = Fu(t, s(t), () (1)
where we have put, for all t€ R, p=p(s) € Q and v=vu(s) € T,Q,

Fu(t,s,v) := % (F(t,p,v) - u(s))

(recall that Fiu,(t, p,v) = Fu(t, s,v) u(s), i.e. the vector component of F(¢,p,v)
tangent to @, is the ‘effective force’ acting on the particle, the orthogonal com-
ponent being dynamically uninfluential).

The examples in the sequel will take place on the two standard types of
smooth curve, i.e. a straight line and a circle.

Straight line

Let ) be a straight line of the terrestrial reference space &, .
We choose an orthogonal Cartesian system (o, eq,eq,e3) in &£, s.t.

Q = {pe&|(p-0)-e1=0, (p—0) e =0}
o+ Span (e3)

and
g = (gcosa)e; — (gsina) es

28 Qee II. 3.1.1.
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with _
gi=lgl, ai=Z(ge)e |0.7]

a is said to be the slope of (). In particular, if « = 0, @ is horizontal

(since g-e3 = 0) and, if a = 5, Q is vertical (since g = —ges). For any

a >0, e3 points upwards (since g-es3 <0, whence Z(g,e3) > 7).
On @ we shall consider the global chart defined by

ER—=>Q:z—p=p(z):=0+ ze3
whence

dp
ui=— =

= e u:=lul =1
dZ 3 ||

Falls along a sloping axis

We start with
F:=mg

In such a case, we have
F,=mg-e3=—mgsina
So an admissible motion
p(t) =o+z(t)es € Q
is the maximal DPM of T satisfyying, at a time ¢, € R, the initial conditions
P(te) =po =0+ 203 €Q, Dlto) =V, :=1v,e3 € T}, = Span(es)

iff its coordinate expression
z(t) e R

satisfies Lagrange equation () taking the ‘universal’ form

Z(t) = —gsina (th

and the initial conditions

Hence, by quadratures, we obtain

2(t) = v, — (gsina)(t —t,)
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and X
2(t) = 2o + Vo(t — to) — 5(9 sina)(t —t,)*
for all t € R,

The DPM is then given by
(i) for @ =0 (horizontal axis),

p(t) = o+ (2o +vo(t —t,))e3
= Do + Vo (t - to)
which is just a uniform motion if v, # 0, or degenerates into a state of rest if

v, =0 (the efffects of gravity disappear); %
(ii) for o # 0 (inclined or vertical axis),

p#) = o+ (zo Fog(t— 1) — %(gsina)(t - to)2) s

1
= Dot Vo(t—t,) + 3 gs(t —t,)?

with
g3 = —(gsina) e

which exhibits the same features as a rectilinear fall in the vacuum. 3°

Friction

Now we put
F(v) :=mg+ A(v)

where A(v) is a force field — called friction and due to the roughness of the
constraint devices — depending on velocity v € Span (e3) as follows:
for v =0, A(0) is not uniquely defined, but just obeys the law of static friction

A(O) = Aoefﬂa |Ao| Scs(mg'el)a 0<Cs< 1

29 Any point p, € Q is therefore an equilibrium configuration, but unstable since, among
the DPMs, there do not exist ‘small’ motions near p, .

30 Check that equation (1); is the Euler-Lagrange equation associated with the Lagrangian
function L(z,v) := 3v? — V(z), where 1v? = { (ve3) - (ves) and V(z) := (gsina)z =
—g-(p—o) (forall p=o+ze3 €@ and v=ves € T,Q). As a consequence, the qualitative
portrait of its solutions is also exhibited by the time-oriented level lines of the Hamiltonian
function H(z,p) := 3 p? + V(2) (with p:= g—{j =v).

See II. 3.2.2.
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for v #0, A(v) is uniquely defined by the law of dynamic friction
A:=cqlmg-e1), 0<cq<cq

The scalar value A of dynamic friction —which is a fraction of the normal
component (with respect to Q) of the weight m g— is lower than the maximum
value of static friction |A,|. That is due to 0 < ¢4 < ¢s < 1, which also implies
0 <@g <, <7 for the angles

ps = arctancs, @q := arctancy

of static and dynamic friction.

Friction is a very anomalous force field, owing to its indeterminacy at v =
0, which puts the whole problem beyond the limits of deterministic smooth
dynamics, as will be shown.

On the one hand, d’Alembert’s principle

(mg+ A(p(t)) —mp(t)) - es =0

admits a static solution

p(t) :==0€Q
(defined on on any time interval), iff

(mg+ Ayez) -e3=0

ie.

A, =mgsina
with the above non-negative value of A,compatible with the law of static

friction
mgsina < cgmg cos o

that is to say, iff
a < s

On the other hand, the above d’Alembert’s principle admits a non-static
solution

p() =0+ 2(t)es €Q, Plt) = H(t)es £0

£(t)
2(1)]

ift

(mg — cgmg cos a es —mZ(t)es) -e3 =0

that is,
2(t)
|2(t)]

mZ(t) = —mgsin o — cgqmg cos «
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which amounts to saying
Z(t) = 9ge ()2
with
e=+1<=Z(t) 20

and

ge = —g(sina+ ecqcosa)

( _ sin g )
= —g|smo+e¢ COS (v
COS Y4

Sin av cos g + €51n g cos o
COS Qg
sin(a + €pq)
COS Qg

= -9

whence
g1 <0, 971§O<:>04§§0d

Now focus on the non-static solutions of d’Alembert’s principle with coor-

dinate expression
1

2
z (t) - 5 get

which is a solution of equation (1), corresponding, 3!

for e = 1, to an ascending and decelerated motion defined for all t € (—o0,0),

and,

for e = —1, to

a descending and decelerated motion, defined for all ¢ € (—00,0), if a < ¢q,

or

a descending and accelerated motion, defined for all ¢ € (0,4+00), if o > g

(in any case, z(t) and 2(t) tend to zero, when ¢ tends to zero).

Some of the above static and non-static solutions of d’Alembert’s princi-
ple can suitably be ‘glued together’; so as to build up ‘maximal solutions’ (
with second derivatives generally discontinuous at the ‘critical’ time ¢ = 0)
satisfying the initial conditions p(0) = o and p(0) = 0, i.e. z(0) = 0 and
2(0) =0.

For instance, if

a > @

31 In the case a = 0, the terms ‘ascending’ (# > 0) and ‘descending’ (2 < 0) will
obviously loose their literal meaning.
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the above Cauchy problem (which cannot admit a static solution) only admits
the ‘ascending and then descending’ maximal solution

Tttt ift € (—00,0)
2(t)=4¢ 0 ift=0
sg1t? if t € (0,400)
whereas, if
a < @q

the problem fails to be deterministic, since it admits the maximal static solu-
tion
z2(t) =0, Vte (—oo,+00)

as well as the ‘ascending and then static’ solution
0 if t € [0, 4+00)
and the ‘descending and then static’ solution
A1) = sgt* ift € (—00,0)
0 if t € [0,400)
Harmonic oscillator

Consider the case of an elastic force acting (as well as the weight) on the
particle, i.e.
F(p) :==mg—k(p—o)
with
E>0, oeq@
Note that, at any point p = o + ze3 € @, the effective force Fiu(p) =
Fu(2)u = F,(2) es exhibits an attractive character with respect to the centre

O4 1= O + z4€3

with ‘
mgsin a
Zy i = ———
P
since
Fuz)=(mg—k(p—o0))-e3=—mgsina — kz z 0 <= 2 ; 2

An admissible motion

p(t) =0+ z2(t)es € Q
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is a DPM of T, iff its coordinate expression
z(t) e R

satisfies Lagrange equation (1), which, in this case, reads

mzZ(t) = —mgsina — kz(t) ()3
or
2(t) + wz(t) = w2,
with
k
wi=4]—
m

(i) For a = 0 (horizontal axis), the effect of gravity disappears, for equation
(t)s turns into the linear equation

2(t) + w?z(t) = 0

called harmonic oscillator (the attractive centre is now o, = o, since z, = 0).
We shall show, by direct calculations, that the typical maximal solution of
the above equation is given, for all t € R, by

z(t) =rcos(wt+¢), >0
Indeed, by derivation we obtain
#(t) = —wrsin(wt + @), 3(t) = —w’rcos(wt + @) = —w?z(t)

and, for any (¢, 2,,v,) € R?, there exists a solution z(t) = r cos(wt+¢) , with
r > 0, satisfying initial conditions

i.e. ’ v
reos(wt, + @) = 2,, rsin(wt, +p) =——
w

namely, the one determined by

and —if r >0, i.e. (25,v,) # (0,0),~

wt, + ¢ = arccos o (mod 27)
r
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where the sign plus or minus is to be chosen according to whether v, < 0 or
v, > 0, respectively.
Initial conditions (z,,v,) # (0,0) then determine a maximal solution z(t)
that is bounded
—r<z(t)<r

and periodic

=) = = (o)

and the corresponding DPM
p(t) = o+ rcos (wt + ¢) e3

is said to be a harmonic oscillation, with centre at o and amplitude r > 0,
whose period (vesp. frequency) is T := 2% (resp. v := ).

Initial conditions (z,,v,) = (0,0) determine the maximal solution z(t) =
0, that is, the ‘static’ DPM p(t) = o.

Clearly, the centre o is the only equilibrium configuration and the equilib-
rium is stable. 32

A qualitative analisys of such DPMs can be carried out as follows.

Remark that the harmonic oscillator is the Euler-Lagrange equation asso-

1

ciated with the Lagrangian function L(z,v) := 3mv* — V(z), where %

1
V(z) = §kz2

As a consequence, 3* a qualitative portrait of its solutions is exhibited by
the time-oriented level lines H !(c,) of the Hamiltonian function H(z,p) :=

s=p? + V(z) (with p:= %% =mv), described by equation

p= :I:\/2m(co —V(2))

The portrait is the following:

32 Check, by direct calculations, that the maximal solution of the harmonic oscillator with
initial conditions z(t,) = 2z, and 2(t,) = v,,, can as well be expressed by

z(t) = zocosw(t — t,) + Yo sinw(t —t,)
w

33 L(z,v) is the coordinate expression, for all p =0+ ze3 € Q and v =ves € T,Q, of
the Lagrangian function L(p,v) := imv-v — V(p), where V(p) := 1k(p —o0)- (p— o) is
the potential energy of the elastic force, since —d,V = —k(p—o)-

34Gee II. 3.2.2.
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Portrait 3 In Fig.3 you will find —as is suggested by the graph of V — the
level lines H~1(c,)in two typical cases.

Let ¢, =0. %

H='(0) is the singleton {(0,0)}, which corresponds to the state of rest
at the equilibrium configuration o, whose stability could be checked through
Dirichlet’s criterion or directly follows from the portrait itself (as is shown

below).
Let ¢, = F >0.
H~Y(E) is an ellipse, which corresponds to harmonic oscillations (arbitrar-

ily ‘small’; if so is F') with centre o and amplitude r = \/%, along which

the particle alternates phases of accelerated centripetal motion with phases of
decelerated centrifugal motion. O

(ii) For a # 0 (inclined or vertical axis), we can still write equation (f)s
in the linear form

C(t) +w((t) =0 ()
by putting
C(t) :== 2(t) — 2

(in the present case z, < 0).
Then, to any maximal solution

¢(t) = rcos (wt + ¢)
there corresponds the DPM

p(t) = o+ z(t)es
= o+ (z+ (1)) es
0+ (2« + 7 cos(wt + ¢)) e3
0 + (1 cos(wt + ¢)) e3

So the only effect of gravity is that of moving the centre of the harmonic
oscillations down to o0, = o0+ z.€3.

Beats

We shall now add a time-dependent, sinusoidal force tangent to @) to the weight
and the elastic force, i.e.

F(t,p) :=mg—Fk(p—o0)+ (asinwit)es

35For ¢, < 0, H !(c,) is empty.
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with
|k
k>0, o€@Q, a>0, 0<w =14/—
m

An admissible motion
p(t) =0+ z(t)es € Q
is a DPM of T, iff its coordinate expression
z(t) e R

satisfies Lagrange equation (t), which, in this case, reads

mz(t) = —mgsina — kz(t) + asinwit (1)4
or ) a
C(t) +w(t) = . sinwy t (1)a
by putting
) = o(t) — 2y zyom SO R
= ey Zai= — =

One could check, by direct calculations, that the typical maximal solution
of the above equation splits into a sum

(1) = Colt) + Gi(t)

where
Co(t) = 7 cos(wt + )

is the typical maximal solution of the harmonic oscillator (}); and

a wsinwit — wysinwt

G(t) =

mw  (w+wp)(w— wy)

is a particular maximal solution of equation ()4.

Remark that, from w; = 95 4 -9 and o = @ — €= e infer
wsinwit — wy sinwt 1 LWt w W —w
= sin t cos t
(W4 wi)(w—wi) W+ wy 2 2
1 wtw . ow—w
+ oS —— = tsin ———+¢
w— Wi 2 2

Owing to the hypothesis
w1 R W
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we can approximately evaluate the above solution ((¢) by neglecting all of its
sinusoidal addends except the one of ‘large’ amplitude m , obtaining

a LW —w Wy +w
t) ~ t t
o) mw(w — wy) T Ty

As “ ~ | we obtain
C(t) = r(t)coswt

with

So the typical DPM

p(t) = o+ z(t)es

= o+ (z+((t)es
0+ (2« +7(t) coswt) e3
04 + (r(t) coswt) e3

Q

exhibits the same oscillatory character about o, = o + z.e3 as before, but its
amplitude |r(t)| is itself a sinusoidal function of time, whose ‘large’ oscillations
correspond to the well known (acoustic) phenomenon of beats.

Damped oscillator

Consider the case of a ‘small’ viscous force acting (as well as the weight and
the elastic force) on the particle, i.e.

F(p,v):=mg—k(p—o0)—hv

with
k>0, oe®, 0<h<Vimk

An admissible motion
p(t) =0+ z(t)es € Q
is a DPM of T, iff its coordinate expression
z(t) eR
satisfies Lagrange equation (t), which, in this case, reads

mz(t) = —mgsina — kz(t) — hz(t) ()s
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or
mZ(t) + hi(t) + kz(t) = kz.
with )
- _mgzmoz <0

(i) For a = 0 (horizontal axis), the effect of gravity disappears, for equation
(t)5 turns into the linear equation

mE(t) + hi(t) + kz(t) = 0

called damped oscillator, whose typical maximal solution could be seen —by the
same reasoning as the one adopted for the harmonic oscillator — to be given,
for all ¢ € R, by

2(t) =e "reos(wt+¢), r>0

h k k
o=— <(\/—, wi=4y\/——02>0
2m m m

Remark the oscillatory character of such a solution

with

—e Ty < 2(t) <e'r
with an exponentially decreasing amplitude e~?'r, whence

lim z(t) =0

t——+o0

As a consequence, the corresponding DPM
p(t) = o0+ (e 7 rcos(wt + ¢))es

exhibits the character of a damped oscillatory motion about the centre o.
(ii) For o # 0, we can still write equation () in the linear form

m((t) +hC+ k() =0 (t)s

by putting
C(t) == 2(t) — 2
To any maximal solution

C(t) = e " rcos(wt + )

of the above equation, there corresponds the DPM
p(t) = o+ (2. +e 7"rcos(wt+p))es
= 0, + (e 7" rcos(wt + p)) es

So the only effect of gravity is that of moving the centre of the damped
oscillations down to o0, = o0+ z.€3.
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Resonance

We shall now add a time-dependent, sinusoidal force tangent to () to the
weight, the elastic force and the viscous force, i.e.

F(t,p,v) :=mg—k(p—o0) — hv + (asinwt) e3

with
[k
k>0, oe@, Ox=h<vVimk, a>0, 0<w = p-

An admissible motion
p(t) =0+ z(t)es € Q
is a DPM of T, iff its coordinate expression
2(t) e R

satisfies Lagrange equation (1), which, in this case, reads

mZ(t) = —mgsina — kz(t) — hz(t) + asinwit (t)e
Or . .
m((t) +h{+k((t) =asinwt (T)e
by putting .
Ct):=2(t) — 2z, 2= —@

One could easily check that the typical maximal solution of the above
equation splits into the sum

C(t) = Go(t) + Gu(?)

where (,(t) is the typical maximal solution of the damped oscillator (}); and
(1(t) is a particular maximal solution of equation ().

As limy, 1 ((t) = 0, we can approximately evaluate the trend of ((¢) in
the ‘future’ by putting

¢(t) = Gi(t)

Now a particular maximal solution (;(¢) of (})s is given, for all t € R, by
(1(t) = Asin(wit — 6),

with suitable values of A >0 and 6 € (0,3).
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In fact, the above ((t) satisfies (1), iff 36

[(k — mw})A — acos ] sin(wit — 0) + [hw A — asin 6] cos(wit — 0) =0

that is,
(k —mw?)A =acosf, hwA=asinf
whence
2
A= a2 = f = arccos i 72”% >
V (k= mw?)? + h2w? V (k= mw?)? + h2w?

Remark that the hypotheses w; ~ \/% and h ~ 0 imply (k —mw?)? +

h*w? ~ 0 and hence a high value for the above amplitude A.
Therefore, the harmonic oscillations

p(t) = o+ z(t)es
= o+ (2. +C(t))e3
= 0+ (2 + Asin(wit —0)) e3
= 0, + (Asin(wit — 0)) e3
about o, := o+ z,e3 —produced by the additional sinusoidal force— exhibit

a ‘very large’ amplitude A, which corresponds to the well known (acoustic)
phenomenon of resonance.

Rotating axis

Let @@ = o+ Span (e3) be a straight line of a reference space & uniformly
rotating, with respect to £7, round a vertical axis S = o + Span (g) . 37

The force of gravity acting in £; on a mass m is 8

F(p,v) :=m(g+w*(p — ps) — 2w A V)
with

g=const., g¢g:=]|g|>0; w=—w?
g

Note that, if o # 7/2, at any p = £(2) =0+ ze3 € @ the effective force
F.u(2) e3 exhibits a repulsive character with respect to the centre

36 Recall that sinw;t = sin(f + (w1t — 0)) = sin @ cos(wit — 0) + cos § sin(wit — 6).

37 Choose an orthogonal Cartesian system (o, eq, ez, e3) in £ in the same way as we did
in the section ‘Straight line’.

38 See 2.1.2 and Appendix 3.1.

, w:=|w|=-const. >0; p,:= 0+<(P—0>‘

< |0”
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Ox 1= O + 24€3

with )
gsin
2y 1= =

0, w:=wcosa>0
w

since

V

F(2) = m(g+w?(p—ps) —2WAV) - e3 = m(—gsin a + w?z) z 0 <= 2=z

A

(whereas, if a = 7/2, the effective force is just the weight mg).
An admissible motion
p(t) =0+ z(t)es € Q
is a DPM of T, iff its coordinate expression
z(t) e R
satisfies Lagrange equation (}), which, in this case, takes the universal form
2(t) = —gsina + w?z(t) ()7
or
3(t) — w?2(t) = —w?z,
(i) For a = 0 (horizontal axis), the effect of gravity disappears, for equation
(t)7 turns into the linear equation
E(t) —w2(t) =0

called antioscillator (note that the repulsive centre is now o* = o, acting with
the maximal intensity w? = w?).

We shall show, by direct calculations, that the typical maximal solution of
the above equation is given, for all t € R, by

z(t) = Ae +pe ) (A ) € R?
Indeed, by derivation we obtain
Ht) =whet —pe ™), E(t) = wr (N et + pe ) = wiz(t)

Moreover, for any (t,,2,,v,) € R?, there exists one and only one z(t) =
rcos(wt + ) satisfying the initial conditions

2(to) = 20, Z(ty) = U,
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ie.
v
)\ewto + lue—wto =z,, )\€wt° _ Me—wtg _ ©
w
namely, the one determined by by the unique solution (A, u) of the above
couple of non-homogeneous linear equations (with a non-singular matrix of
coefficients).
The corresponding DPM is therefore

pt) =0+ (Ne“ + pe ) e;
A qualitative analisys of such DPMs can be carried out as follows.

Remark that the antioscillator is the Euler-Lagrange equation associated

with the Lagrangian function L(z,v) := j0v? — V(z), with *

1
V(z) = —§w222

As a consequence, % a qualitative portrait of its solutions is exhibited by
the time-oriented level lines H !(c,) of the Hamiltonian function H(z,p) :=

1?4+ V(2) (with p:= 9L =v), described by equation

p= :I:\/2m(co —V(2))

Portrait 4 In Fig.4 you will find —as is suggested by the graph of V —
the level lines H~'(c,)in three typical cases.

Let ¢, =0.

H='(0) consists of two straight lines through (0, 0). The singleton {(0,0)}
corresponds to the state of rest at the (unique) equilibrium configuration
o € @, whose instability can be recognized through Chetaiev’s criterion or
the portrait itself. The open half-lines C! and C? correspond on @Q to ac-
celerated centrifugal motions, along which the particle asymptotically comes
from the repulsive centre o and proceeds towards infinite distance. The open
half-lines C2 and C2, on the contrary, correspond on @ to decelerated cen-
tripetal motions, along which the particle comes from infinite distance and
asymptotically tends to o.

Let ¢, = FE >0.

39 L(z,v) is the coordinate expression of L(p,v) := 3v-v—V(p) with V(p) := —2w?(p—
0)-(p—o), forall p=o+zes €@ and v = ves € 1,Q.
108ee II. 3.2.2.
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H~Y(E) is a hyperbola, whose branches C}, and C% correspond on Q to
motions along which the particle, after a decelerated centripetal phase, arrives
at o with non-null velocity and then proceeds in an accelerated centrifugal
way.

Let ¢, = E' <0.
H~'(E') is a hyperbola, whose branches C}, and C%, correspond on Q
to motions along which the particle, after a decelerated centripetal phase, can

only arrive at a point of coordinate +,/ _35/ with null velocity and then is
pushed back in an accelerated centrifugal way. 0

(ii) For 0 < o < § (inclined axis), we can still write equation (})7 in the
linear form

¢(t) —w*(t) =0
by putting

(in the present case, z, > 0).
Then to any maximal solution

C(t) = Ne¥t + pe @t
there corresponds the DPM

p(t) = o+ z(t)es
= o+ (2 +((t))es
= o+ (s +Ae +pe ™) e
= o, + ()\ et 4 ue_m) e3

So the combined effect of gravity plus rotation is that of moving the re-
pulsive centre up to o, = o + z,e3 and weakening its repulsive intensity

w2 :w2(:osoz<w2.

(iii) For a = 7 (vertical axis), the effects due to the rotation of &£ vanish
at all, since, in such a case, equation (f); does not differ from the equation
which governs the free fall along a vertical axis in &€, (i.e. equation (f); with

sina=1).

Circle

Let @ be a circle, of centre o € £, and radius | > 0, of the terrestrial
reference space.



Terrestrial dynamics 67

We choose an orthogonal Cartesian system (o, e, e2,€3) in &, s.t.

Q = {pEST’(p—O)-e;;:O,lg—‘p—o‘zz()}
C o+ Span (e, e)

and
g=(gcosa)e; — (gsina)eg
with

™
g:=lel, a=Le)e|o.7]

7/2 — « is said to be the slope of Q.

In particular, for &« = 0, @ lies on a vertical plane (since g-e3 = 0,
i.e. ez is horizontal) and, for a = 7/2, @ lies on a horizontal plane (since
g = —ges, i.e ez is vertical).

Note that, for any « > 0, e3 points upwards (since g-e3 < 0, whence
L(g,c5) > 3).
Then we consider the covering mapping onto () defined by

ER—-Q:0—p=¢&0):=0+ (lcosh)e; + (Isinh) ey
whence

u(f) = (j—g) = —(Isinf)e; + (lcos@) ey, |ul=1
0

Mathematical pendulum

We start by putting
F:=mg
whence
mg cos
l

sin 8

Fu#) = 35 mg-u(0) =
In such a case, a smooth motion
p(t) =0+ (lcosB(t))e; + (Isinb(t))ex € Q
is the maximal DPM of T, iff its ‘global coordinate expression’
6(t) € R

is a maximal solution of Lagrange equation (1), which, in this case, takes the

universal form . g cosa
(t) = — l sin 6(t) (P)s
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and is called mathematical pendulum.

(i) For 0 < a # 7w/2 (vertical or inclined circle), equation (t)g is the
non-linear Euler-Lagrange equation determined by the Lagrangian function
L(0,v) := 0% =V (0), with 4

2

V() = _gc?sa cos 6

As a consequence, *? the qualitative portrait of its solutions is exhibited by
the time-oriented level lines H'(c,) of the Hamiltonian function H(6,p) :=
Lp2 +V(0) (with p:=dL/0v =), described by equation

p=+v2(c, — V(0))
and travelled according to the time-table established by the integral

01 do

0o CO -

t(61) — 1(6,) =

The portrait, in the standard strip —7 < 6 < 7, is the following:

Portrait 5 In Fig.5 you will find —as is suggested by the graph of V — the
level lines H~'(c,) in four typical cases:

Let ¢, = By :=V/(0). 43

H™'(Ey) is the singleton {(0,0)}, which corresponds to the state of rest
at the equilibrium configuration of coordinate § = 0 (i.e. pg:=o0+ley, the
lowest point of @) ), whose stability follows from Dirichlet’s criterion (or will
follow from the portrait itself).

Let ¢, = Ey with Ey < By < E, :=V(£n).

H~'(E)) is contained in the strip —6; < 6 < 0; (where +6;, with 0 <
0, < m, are the points where V takes the value E;) and corresponds on
@ to a ‘small’ oscillatory motion round the equilibrium configuration pg of
coordinate # = 0, along which an oscillation (e.g. from —6; to 6, ) takes the
finite time

/01 \/ 2 E1 \/ 29008&/ cosG—cos@l

4L L(6,v) (multiplied by [?) is the coordinate expression of L(p,v) := 2v v—V(p) with
V(p) =—g-(p—o), forall p=o+ (lcosh)e; + (Isinf)e; € Q and v=v7(f) € T,Q =
Span7(6) .

42Gee I1. 3.2.2.

BFor ¢, < Ey, H '(c,) is empty.
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(the above integral converges, since the integrand is infinite of order 1/2 at
in )

Let ¢, = E,.

HY(E;) consists of two points {(—m,0),(7,0)} and two branches CJ, ,
C%, contained in the open strip —m < 6 < 7.
{(=m,0), (m,0)} both correspond to the state of rest at the equilibrium con-
figuration of coordinate § = £ (i.e. pr:= o0 —le;, the highest point of @),
whose instability follows from Chetaiev’s criterion (or from the portrait itself).
Cl_ or C%, correspond on @ to motions which tend, both in the past and in
the future, to the above unstable equilibrium configuration in an infinite time

T do l T do
+ ==+
/_7r V2(E, —V(0)) \/ 2gcosa /_7r Veosf + 1

(the above integral diverges, since the integrand is infinite of order 1 at +m ).
Let ¢, = FEy > E,.
H™1(F5) consists of two branches Cp, , C7, contained in the strip —m <
0 < 7 (and continued in all of the other similar strips), which corresponds
on @ to complete loops performed with never vanishing velocity (and iterated
both in the past and in the future). O

Remark If 0(t) is a ‘small’ oscillation round the stable equilibrium con-
figuration p, of coordinate § = 0, the right hand side of equation (f)s can
be evaluated —along #(t)— by neglecting higher-order infinitesimals. Thus we
obtain the harmonic oscillator

(1) + w?0(t) = 0

/g cos
W= l

So the small oscillations of a pendulum round its stable equilibrium con-
figuration pg can be regarded as isochronous harmonic oscillations on the
tangent straight line py + 7, , all of which exhibiting the period

with

2 l
T = i 27
w g Ccos «

(ii) For o = 7/2 (horizontal circle), the effects of gravity disappear, for
equation (1)s degenerates into the linear equation

i(t) = 0
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whose typical maximal solution
teR—O(t) =0, + v,(t —t,)

(for any (t,,0,,v,) € R®) just corresponds on @ to a uniform motion (if
v, # 0) or a state of rest (if v, = 0). Clearly, all of the points of @ are
equilibrium configurations, no one of which is stable since, among the DPMs,
there do not exist small motions.

Rotating pendulum

Let @ be a circle, of centre o € & and radius [ > 0, in a reference space
&3 uniformly rotating, with respect to £7, round an axis passing through the
centre o of () and stationary in a vertical position.

The force of gravity acting in £; on a mass m is %

F(p,v) :=m(g+w*(p — ps) — 2w A V)
with

g = const., g :=|g| > 0; W:—wg, w := |w| = const. > 0; p. ::o%—((p—o)-g)g
g 9/ 9

Hence, at any p = £(0) = o+ (lcosf)e; + (Isinfh) ey € @ and v =v7(f) €
T,Q = Span (),

1
F.(0) : m(g+w?(p—ps) —2wAV)-T(0) = — g cc;s ? sin 0+ (w? cos® ) sin @ cos @

e

In such a case, a smooth motion
p(t) =0+ (lcosb(t))e; + (Isinb(t)) ex € Q
is the maximal DPM of T, iff its ‘global coordinate expression’
6(t) e R

is a maximal solution of Lagrange equation (t), which, in this case, takes the
universal form

g cos o

o(t) = sin §(t) + (w? cos® a) sin (t) cos O(t) (T)o

44 See 2.1.2 (footnote 18) and Appendix 3.1.
45 We choose an orthogonal Cartesian system (o,e;,ez,e3) in £ in the same way as we
did in subsection ‘Circle’.
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(i) For 0 < a # m/2 (vertical or inclined circle), equation (t) is the
non-linear Euler-Lagrange equation determined by the Lagrangian function
L(0,v) := tmv? — V() , where

2

1
V(0) := —b2 cos O + §w2 cos? 0

[e%

with
gcosa
by = T Wy := W COS ¢
(remark that, on [—7, 7], the first derivative
av
-7 = (b2 — w? cos ) sin @

vanishes at = 0, &7 and, if w, > b,, at two more points +6, := & arccos (ba/wa)2
with 0 <6, <7/2).

As a consequence, ‘6 the qualitative portrait of its solutions is exhibited by
the time-oriented level lines H!(c,) of the Hamiltonian function H(6,p) :=

%pQ +V(0) (with p:=0L/0v="v).
The portrait, in the standard strip —7 < 6 < 7, is the following:

Portrait 6 If w, < b,, the graph of V is qualitatively similar to the
graph shown in Fig.5 and then the portrait does not differ from the one therein
drawn. The centrifugal force field due to the rotation of £in &, is not strong
enough to destroy the ordinary effets of gravity on the pendulum.

If, on the contrary, the value of w, lies beyond the critical value or bi-
furcation point b, , i.e. w, > b, , the centrifugal force is strong enough to
produce deep changes in the graph of V' and therefore in the portrait of the
pendulum, as is shown in Fig.6 (where we put E; := V(£6;), Ey := V(0) and
E.:=V(£mn)).

Let ¢, = B, . 47
H~Y(E,) consists of two points {(—6s,0), (6,,0)}, which correspond on @ to
the state of rest at the equilibrium configurations of coordinates —6, and 6.,
respectively, whose stability follows from Dirichlet’s criterion (or will follow
from the portrait itself).

Let ¢, = E', with E, < E' < Ej.
H~Y(E") splits into disjoint loops, which correspond on @ to ‘small’ oscilla-
tory motions about the equilibrium configurations of coordinates —#, and 6, ,
respectively.

46Gee II. 3.2.2.
4TFor ¢, < E5, H™(c,) is empty.
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Let ¢, = Ey.
H~Y(Ey) consists of an ‘eight’, whose branches both pass through the singleton
{(0,0)}. The latter corresponds on @ to the state of rest at the equilibrium
configuration of coordinate ¢ = 0, whose instability follows from Chetaiev’s
criterion. Any one of the two remaining branches corresponds on () to a motion
which asimptotically tends, both in the past and in the future, to the above
unstable equilibrium configuration.

Let ¢, = FE; with By < B4 < E.,or ¢, = FE,,or ¢, = FEy with E, < E5.
H Y(E,), H'(E,) and H '(E;) exhibit the same features as in Fig.5.

(ii) For o = m/2 (horizontal circle), the effects of gravity disappear, for
equation (1)g degenerate into the linear equation () =0. *®
2 degrees of freedom

We shall now consider a test particle with two degrees of freedom in the ter-
restrial (or a moving) reference space, that is to say, a mechanical system

T :=(Q,m,F)

whose configuration space () is a smooth surface —i.e. a 2-dimensional,
connected manifold — of the given reference space.
Recall that, if

XCR - Q:q=(¢"¢")—p=¢E&>4q) =£&(d".¢°)

is a local chart (or, possibly, a global chart or a covering mapping) of @,
then, at any point p = £(q) of the coordinate domain U :=Im¢, one has

B B dp Op
T,Q = Imd,§ = Span (8(]1’ aQQ)q

Moreover, any (admissible) smooth motion p(t) € U admits a C*° coor-
dinate expression ¢(t) € X through ¢, i.e.

whence

48 See ‘Mathematical pendulum’ (ii).
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and

B(t) = (1 (;’7;’) o, TIOT (aqa;;qum

Such a motion p(t) € U satisfies d’Alembert’s principle

F(t,p(t), b(1)) —mb(t) € Tp;)Q

(F(t,p(t),p(t) —mp(t)) - (%) ) =0, h=1,2

So, p(t) € U is a DPM of T, iff its coordinate expression ¢(t) € W is a
solution of the couple of (local) Lagrange equations

i) - (%)() — F(t, p(t), B(1))- (%’)() 6

where p(t), p(t) and p(t) are meant to be given the above coordinate ex-
pressions.

If F keeps orthogonal to ), d’Alembert’s principle takes the universal
form

B(t) € TyipQ

to which there corresponds the couple of (local) Euler-Lagrange equations

. op
p(t) - (—) =0
dq" q(t)

characterizing the geodesic curves of (Q,K) (K being the quadratic form
—semi-square of norm— induced on () by the Euclidean geometry of the envi-
ronment). 4 The orbits of the above curves —excluding those that degenerate
into singletons— are simply said to be the geodesics of the surface (@) .

The examples in the sequel will take place on simple types of smooth surface
(plane, cilinder, halph-cone and sphere).

Plane

Let @ be a plane of the terrestrial reference space &, .
We choose an orthogonal Cartesian system (o, eq,eq,e3) in &, s.t.

Q = {pe& [(p-0) e =0}
= 0+ Span (eg, e3)

49 Qee II. 3.1.2.
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and
g=(gcosa)e; — (gsina) e
with

s
g:=lel, a:=Zge)e|0,7]

« is said to be the slope of Q.
In particular, for @ = 0, @ is horizontal (since g = ge;, i.e. e; is vertical)
and, for a = 7, Q is vertical (since g-e; =0, i.e. e; is horizontal).
Note that, for any « > 0, es points upwards (since g -e3 < 0, whence

4(g7 63) > %)
Then we consider the global chart of (), defining orthogonal Cartesian
coordinates, given by

R = Q:(y,2) —»p=¢&(2)i=0+yes+ zes
whence

8p_ 8p_

— =€y, — =¢
oy 2 9z °

Falls along a sloping plane

We start by putting
F:=mg

In such a case, a smooth motion
p(t) =o+y(t)es+2(t) ez € Q
is the maximal DPM of T satisfying, at a time ¢, € R, initial conditions
P(to) = Do := 0+yoe2+2,€3 € Q , D(ty) = Vo := Vpy€a+v,.e3 € T}, ) = Span (ez, e3)
iff its global coordinate expression
(y(1), (1)) € R

is the maximal solution of Lagrange equations (I), which now take the
universal form

gty =0, Z(t) = —gsina (Hh

and satisfies the initial conditions

(Y(to), 2(t)) = (Yo, 20) s (Y(1o), 2(t0)) = (Voy, Vo2)
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Hence, by quadratures, we obtain (for all ¢t € R)
Y(t) = voy, 2(t) = v, — (gsina)(t —t,)

and finally

YO = o gt = 10) s 2(0) = 2+ st — 1) = S(gsina)(t — 1)’

The correspondent DPM p(¢) is then as follows:

(i) For a # 0 (non-horizontal plane),
p(t) = o0+ (Yo + voy(t —1t,)) €2 + <zo + Voo (t — o) — %(g sin ) (t — t0)2> es

= Dot Vot —t,) + %k(t —t,)%, k:i=—(gsina)es

exhibits the same qualitative features as a free fall in the vacuum.

(ii) For =0 (horizontal plane),

p(t) = o+ (Yo + voy(t —to)) €2 + (20 + vox(t — o)) €3
= Do+ Volt —1o)

is just a uniform rectilinear motion if v, # 0, or degenerates into a state of
rest if v, =0.

Geodesics of a plane

In the latter case, owing to horizontality, the efffects of gravity disappear and
the DPMs coincide with the inertial motions, that is to say, with the geodesic
curves of the plane. So the geodesics of the plane, i.e. the orbits of its non-
degenerate geodesic curves, are the straight lines.

Double harmonic oscillator

Consider the case of an elastic force acting (as well as the weight) on the
particle, i.e.
F(p) :==mg—k(p—o)
with
k>0, o€eq@

An admissible motion

p(t) =0+ y(t)es + 2(t)es € Q
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is the DPM of T satisfying, at a time ¢, € I, initial conditions
P(to) = Po 1= 0t+yoe2tz,63 € Q, D(lo) = Vo 1= Vpye2+0,.€3 € T},,Q = Span (2, €3)
iff its global coordinate expression
(y(), 2(t)) € R

is the maximal solution of Lagrange equations (1), which now take the form
of a double harmonic oscillator

miy(t) = —ky(t), mZz(t)=—mgsina —k z(t) (1)2
that is, )
() +why(t) =0, () +wi((t) =0
with .
W= % C(t) == 2(t) — 2, z*;:—@«)

and satisfies the initial conditions

(y(to), 2(to)) = (Yo, %), (9(to), 2(to)) = (Voy, Voz)
Check that such a maximal solution is given (for all ¢ € R) by
y(t) =y, cosw(t—to)—i-% sinw(t—t,), 2z(t)—ze = (2o—24) cosw(t—to)—i-% sinw(t—t,)
The correspondent DPM is then given by
p(t) = o+ (yocosw(t —t,) + % sinw(t —t,)) ea + (z* + (2o — 24) cosw(t — t,) + % sinw(t — t0)>
= 0.+ (cosw(t —1t,))(po — 0«) + (é sinw(t — to)) Vo

with
Oy := O + z.€3

(i) If

Po = O« , VOZO

then p(t) degenerates into a state of rest, namely

p(t) = o
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Check that o, is the unique equilibrium configuration, whose stability can be
recognized by applying Dirichlet’s criterion to the potential energy V(y, z) :=
tk(y* + 2%) + (mgsina)z. *°

(i) Tf
p07é0*7 (po_o*)/\Vo:O

i.e. po— 0, =s,u and v, = v,u with s, # 0 and |u| =1, then p(¢) is a
harmonic oscillatory motion along the straight line o, + Span (u), namely

p(t) = o, + s(t)u

where v
s(t) = (so cosw(t —t,) + — sinw(t — to)> u
w

is the maximal solution of the harmonic oscillator
5(t) +w?s(t) =0
determined by the initial conditions

s(to) = S0, S(to) =,

(iif) If
Do 7# Ox (pO—O*)/\VO#O
then the periodic motion p(¢) could be seen (through some boring calculations)

to describe an elliptical orbit, centred at o* and travelled with constant areal
velocity.

Loop the loop

We shall now deal with the case of a particle which, owing to a ‘non-strict’ one-
sided constraint ®' (as well as a two-sided constraint), is only allowed to stay
within a closed disc lying on a non-horizontal plane of the terrestrial reference
space.

We shall show that, among the DPMs of such a particle under tha action
of F = mg, there are some describing iterated loops along the the (circular)
boundary of the disc on the plane (like in the acrobatic exercise called ‘loop
the loop’).

%0 V(y, z) is the coordinate expression of V(p) = 1k(p—o0)-(p—0) —mg- (p —o) for all

PEQ.
51 See II. 2.2.2, d’Alembert’s inequality.
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We choose an orthogonal Cartesian system (o, e1,e2,e3) in &, in such a
way that the above closed disc of centre o € £, and radius [ > 0 is described
by 52

Q = {pe&|(p-0)-e3=0, IP—|p—o]*>0}
C o+ Span (eg,es)

with
g=(gcosa)e; — (gsina) e
and -
gi=lgl, a=ZLge)e|0,7)

We shall also make use of the usual covering mapping onto the circle 9Q) C
(@) of centre o and radius [, i.e.

ER—=0Q:0—p=£(0) =0+ (lcosh)e; + (Isinf) ey

whence we obtain, for any # € R, two mutually orthogonal, non-null vectors

7(0) := (Zl—g)@ = —(Isinf)e; + (lcosB) ey, |7(0) =1

and p
n(0) = () = —(lcosh)er — (Isin@)es, |n(0)] =1
),
which therefore satisfy
Span (7(6),n(#)) = Span (ey, ez)
At any p = £(0) € 9Q, we have *3
T,Q = {0peE,|dp-es=0, —=dp-(p—o0) >0}

52 See subsection ‘Circle’.
53Recall that @ is characterized by conditions

fp)=0, g(p)>0
with
fi=1v-es:p€E& —vY(p)-eseR, g=PF—y¢-¢:pe& —1*—1(p) ¢(p) eR

where ¢ :p € &, = ¢¥(p) :==p—o0 € E, is an affinity s.t. dp¢p = idg_ . As a consequence,
for any p =£(0) € 0Q, TpQ is characterized by conditions

dpf(50) =0, dpg(3p) > 0
with
dof =dptp-es:dpe E, —dp-es € R, dpg=—-2d,-¢(p):0p € E, — —26p-(p—o) €R
We shall also put R} :={beR|b>0}.
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= {op € Span (7(0),n(0)) | op - n(d) > 0}
= {a7(0) +0n(0)} 1) erxrt
Let
p(t) =&(6(t)) = (IcosO(t))e; + (Isinb(t))ey
be a smooth motion along 9@, whose derivatives are expressed by
p(t) = 0()T(0(1)) ,  B(t) = 6(6)T(6(t)) + 6*(t)n(6(1))
Such a p(t) = &£(0(t)) isa DPM of T, iff it satisfies d’Alembert’s inequality
(mg—mp(t)-op <0, Vope T,,HQ
that is to say,
(g—D() - (a7(@) +bn()) <0, V(a,b) € RxRY

wich is equivalent to

that is,
i(t) = -2 C(ZSO‘ sin 0(t) (o)1
0%(t) IR o8 6(t) >0 (©)2

[

Now consider a solution 6(t) (for all ¢t € R) of mathematical pendulum
(¢); with a high energy, say

E> §E,r— §gcosoz
2 2 1
Such a function satisfies inequality (¢)s too, since the energy conservation law
1.
262t — L9 os0(t) = E
2 l
implies
. 2 3
62(t) > gclosa cosO(t) + gclosa
whence
: 3
0%(t) + gC‘ZSO‘ cos O(t) > gcloso‘(cose(t) +1)>0

As a consequence, the correspondent motion p(t) = £(6(t)), which de-
scribes iterated loops along 9Q, °* is a DPM of T .

54 See Portrait 5 in subsection ‘Mathematical pendulum.
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Cylinder

Let @) be a cylinder of axis o+Spanes C &, and radius [ > 0 in the terrestrial
reference space &, i.e. *

Q={pe&|lp—of—((p—0) e) ~*=0}
We choose an orthogonal Cartesian system (o, ey, e2,€3) in &, s.t.
g=(gcosa)e; — (gsina)es
with

™
gi=lgl, a:=Z(ge)e|0,7]

As is known, « is the slope of the axis o + Spanes of Q. °°

We shall also make use of the covering mapping, defining cylindrical coor-
dinates onto (), given by

ER?—=Q:(0,2)—»p=£&0,2) =0+ (lcosh) e; + (Isinf) ey + ze3
For any p =£(0,z2) € @, we have
T,Q = Span (7(6), e3)

since 5
> =17(0) := —(Isinf) e; + (I cosh) ey
90 ) 4.,

and

Falls along a sloping cylinder

Put
F:=mg

Let
p(t) =&(0(t), 2(t)) = o0+ (lcosb(t)) e; + (Isinb(t)) e2 + 2(t) e3
be a smooth motion along (), whose derivatives are expressed by

B = 60000+ 2)es 50 =0 700) +50) () -+

55 See 1. 5.2.2, Example 9.
56 See subsection ‘Straight line’.
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Such a p(t) is a DPM of T, iff its ‘global coordinate expression’
(0(t), 2(t)) € R?
is a solution of Lagrange equations (1), which now take the universal form

p(t) - 7(0(t)) = g - 7(0(1))

p(t) -e3 =g - e
that is,
o(t) = _gc:(;sa sin 6(t) (1)
Z(t) = —gsina (1)a

Equations ()34 separate the variables 6(t) and z(¢).
As a consequence initial data

to eR ) Po = O+(l COs 00) el+<l sin 00) €2+2,€3 € Q ) Vo = Voo 7-(00>+Uoz €3 € TpoQ
determine the maximal DPM given, for all ¢t € R, by
p(t) = po + 1(cosB(t) — cosb,)e; + I(sinb(t) —sinb,) ex + (2(t) — 2,) €3

where 6(t) denotes the maximal solution of equation (f)s with initial con-
ditions (6(t,) = 6,, 0(t,) = ve), and z(t) denotes the maximal solution of
equation (1)4 with initial conditions (z(t,) = z,, 2(t,) = Vo) -

The above DPM is the composition

p(t) = po = (Po(t) — Po) + (P:(t) — Po)
of a ‘mathematical pendulum motion’

pPo(t) = po+(cosb(t) —cosb,)e; +I(sinb(t) —sinb,) ey
= Do. + (lcosO(t))er + (Isinf(t)) ey, Doz =0+ z,€3

Y

along the generatrix (p,, + Span (e1,e3)) N @, and a ‘rectilinear motion

p.(t) == po+ (2(t) — z,) €3
= Dpos+ 2(t)es, Doy := 0+ (lcosB,)e; + (Isinb,) ey

along the directrix pos + Span (e3) C Q.
Check that

(i) owing to ()4, the DPM is a mathematical pendulum motion

p(t) = po(t)
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(i.e. 2(t) = 2,), iff o =0 (horizontal cylinder) and v,, = 0;
(ii) owing to (1)s, the DPM is a rectilinear motion

p(t) = p.(t)

e. O(t) =46,), iff v,y = 0 in the case of o = w/2 (vertical cylinder), or
= 0 (mod.7) and v, = 0 in the case of a # 7/2 (non-vertical cylinder);
(iii) in particular, the DPM degenerates into a state of rest

(i
0o

p(t) = po

(i.e. O(t) =46,, z(t) = z,) and then p, is an (unstable) equilibrium configu-
ration, iff & =0 (horizontal cylinder), 6, = 0 (mod.7w) and v, = v,, = 0.

Geodesics of a cylinder

In the above problem, the DPMs of a particle on a cylinder (however sloping) of
&, are always perturbed, with respect to the inertial motions, by the terrestrial
gravity. So, if we want the effect of gravity to disappear, we should consider
a cylinder in a freely falling reference space &3, where the field of gravity
(locally) vanishes. 57

In such a space, owing to F = 0, Lagrange equations () read (in (0, z)-
coordinates)

To their solutions
0(t) =0, + vop(t — o), 2(t) = 2o + Vo (t — o)

there correspond the inertial motions, that is to say, the geodesic curves of the
cylinder.

As a consequence, the geodesics of the cylinder, i.e. the orbits of its non-
degenerate geodesic curves, are the helizes (including generatrixes and direc-
trixes), which correspond to the straight lines of the plane R? covering @ .

Half-cone

Let @) be a half-cone in the terrestrial reference space &, .
We choose an orthogonal Cartesian system (o, e;, e, e3) in &, s.t.

Q={p€&[(P—-0)-e3>0, |p—of—((p—0) es)’ =0}

57 See 2.2.1 ‘Falls in translating spaces’ (case 3).
58 See I. 5.2.2, Example 10.
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and
g=(gcosa)e; F (gsina)e;
with

™
gi=lel, a=Le)e|o.7]

(if the slope of the axis o+ Span(e3) of @ is a > 0, we choose the sign
- or 4+ according to whether e; points upwards or downwards, that is to say,
according to whether ) is the higher or the lower half-cone).

We shall also make use of the covering mapping onto ) given by °°

ERXRT = Q:(0,2) »p=¢£»0,2) =0+ (zcos6)e; + (zsinf) ey + ze3
For any p =£(6, z), we have

T,Q = Span (7(0),e5 — n(0))

) ()
— =z7(0), — =e3 —n(h)
(8‘9 (2,0) 0z (2,0)

where 7(f) and n(f) are two mutually orthogonal vectors of unit norm given
by

since

7(0) := —(sinf) e; + (cosf) ey, n(f) := —(cosh)e; — (sinh) ey
and related to each other by

Falls along a sloping half-cone

Put
F:=mg

Let
p(t) =&(0(t),2(t)) = o+ 2(t) (es —n(0(1))) € Q

be a smooth motion along (), whose derivatives are expressed by

p(t) = 2(t) 0(t) 7(6(1)) + £(t) (e5 — n(6(1)))

and

B(t) = (2(1) 6(¢) +22(2) 6() 7(8(1)) + (=(1) () — (1)) n(6(1)) + £(1) 5
5 Recall that Rt := {2 € R | z > 0}.
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Such a p(t) = &(0(t), 2(t)) is a DPM of T, iff its ‘global coordinate ex-
pression’

(6(t), 2(t)) € R x RT

is a solution of Lagrange equations (1),which now take the univesal form

B() - 7(0(1) = 5 T(0(1))
B() - (es = n(0() -(3—ne<t>))

that is, ) '
z(t) 0(t) + 22(t) O(t) = —g cos asin O(t) (1)s
25(t) — 2(t) 6%(t) = g( cos avcos O(t) T sin ) ()6
Equations ()56 do not separate the variables 6(t) and z(t).
Nevertheless, it is still easy to recognize the following (partial) results.

(i) a =0 (half-cone with a horizontal axis)
Equations ()6 read

2(1)0(t) + 22(t) 0(t) = —gsinO(t), 23(t) — 2(t) 6%(t) = gcos O(t) (1)
a) Let
p(t) =po =0+ 2 <63 — n(00)>
be the state of rest at a point p, € Q.

Such a p(t) would be a DPM, iff (0(t) =0, , z(t) = z,) satisfied equations

(1)o, i-e.
sinf,=0, cosf,=0

which are manifestly incompatible.
So there do not exist equilibrium configurations.
b) Let

p(t) = o+ 2(t) (e3 - n(00)> , 0 < 2(t) # const.

be a rectilinear motion along a directrix o + Span (e3 —n(6,)) C Q.
Such a p(t) is a maximal DPM, iff (0(¢) =0, ,2(t)) is a maximal solution
of equations (1), i.e.

sinf, =0, Z2(t) = gcos 4,

whence
0, =0 (mod.2r), 3(t) :g

or
0,=n (mod.2r), 3(t)=—2



Terrestrial dynamics 85

(on an lowerly or upperly bounded interval of time, owing to the constraint
z(t) > 0).

So, among the maximal DPMs, there exist incomplete rectilinear falls only
along the directrixes

o+ Span (e3 —n(0)), o+ Span (e3 —n(m))
c) Let
p(t) =0+ 2 (eg - n(9(t))> ,  0(t) # const.

be a circular motion along a generatrix ((o + z,e3) + Span (e1,e2)) N Q.
Such a p(t) would be a DPM, iff (6(t), z(t) = z,) satisfied equations (),
le.

i(t) = —Lsino), 02(t) = -2 cos(t)

Zo Zo
which, however, do not share any solution 6(t) # const., since the first equa-
tion (mathematical pendulum) implies

1.
592(75) — Z%COS 0(t) = const.

whence, owing to the second equation,
cos 0(t) = const.

that is, 0(t) = const. .
So, among the DPMs, there do not exist mathematical pendulum motions.

(ii) 0 < a < w/2 (half-cone with a sloping axis)
Equations ()56 keep their form with cosa > 0 and sina > 0.

a) Let
D() = Po = 0+ 2 (e — (6,

be the state of rest at a point of ).
Such a p(t) is a DPM, iff (0(t) = 0,,2(t) = z,) satisfies equations (1),
ie.
sinf, =0, cosf,=+*tanc

The above equations admit a solution 6, , iff tana = |[cosf,| =1, ie. a =
7/4 and, in such a case, 0, is given by 6, = 0 (mod.27) on the higher
half-cone, and by 6, =7 (mod.27) on the lower half-cone.

So there exist equilibrium configurations only for o« = 7/4 and they are all
the points of the horizontal directrix

o + Span (es — n(6,))
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b) Let
p(t) =0+ z(t) <e3 - n(00)> , 0 < z(t) # const.

be a rectilinear motion along a directrix o+ Span (e3 —n(6,)) C @.
Such a p(t) is a maximal DPM, iff (0(¢) =0, ,2(t)) is a maximal solution
of equations ()5, i.e.

sinf, =0, Z(t) = g(cosozcos 0, F sin «)

whence
0, =0 (mod.27m), Z(t) =

N

(cosa F sin )
or

0, =m (mod.27m), Z(t) = g(— cos a F sin «)

(on a lowerly or upperly bounded interval of time, owing to the constraint
z(t) > 0).

So, among the maximal DPMs, there exist incomplete rectilinear motions
only along the directrixes

o+ Span (e3 —n(0)) , o+ Span (e3 — n(m))
Such a rectilinear motion is uniform
Z(t) =10

iff @« =n/4 and 6, =0 (on the higher half-cone) or « = w/4 and 0, = =
(on the lower half-cone), that is to say, iff it takes place along a horizontal
directrix.

¢) By the same reasoning as the one adopted in (i), check that, among the
DPMs, there do not exist mathematical pendulum motions.

(iii) o =7/2 (half-cone with a vertical axis)
Equations ()6 read

2 0(1) +2:(8) (1) =0, 25(t) — 2(t) 02(t) = Fg

Check that
a) There do not exist equilibrium configurations.
b) There exist, among the DPMs, incomplete rectilinear falls

p(t) = o+ z(t) (eg — n(90)> , 0 < z(t) # const.
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along all the directrixes (i.e. for all §, € R), characterized by
.. g
t ey —
2t) =5

¢) Only on the higher half-cone there exist, among the DPMs, uniform
circular motions

p(t) =0+ 2 (eg - n(@(t))) ,  0(t) # const.

along all the generatrixes (i.e. for all z, > 0), characterized by

Geodesics of a half-cone

We shall now consider a halph-cone @) in a freely falling reference space &s,
where the field of gravity locally vanishes.

In such a space, owing to F = 0, Lagrange equations (I) read (in (0, 2)-
coordinates)

2(1)0(t) +22()0(t) =0,  23(t) — 2(t) 6%(t) =

To their solutions there correspond the inertial motions, that is to say, the
geodesic curves of the half-cone.

As a consequence, the geodesics of the half-cone (i.e. the orbits of its non-
degenerate geodesic curves) are the curves which unroll onto the straight lines
of the holed-plane A, := (o + Span (e, e2)) —{o} through the transformation

p=o0o+(zcosf)e; + (zsinf)es+ze3€Q —> q=o0+ze;+ye; € A,

with

T = 2C0S — , = zsin —
var T

since (0(t), z(t)) is a solution of the above Lagrange equations, iff (z(t),y(t)) =

(2(t) cos 9\([) 2(t) sin \([)) is a solution of equations %!
B(t)=0, j(t)=0

60 See 2.2.1 ‘Falls in translating spaces’ (case 3).

61Check that
i(t) = (2 L 2 Q 1 ) £(t) 6 sin@
B(t) = (£(t) — 52(1) %(1) co 52 \f( 2(t) 0(t) +22(1) 0(t)) 5
j(t) = (2 1 2 Q — j (1) 6 cos @
ii(t) = ((t) — 52(t) (1) sin ng \[( 2(t) (t) + 22(t) 0(1)) 3
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Sphere

Let @@ be a sphere of centre o € £, and radius [ > 0 in the terrestrial
reference space &, , i.e.

Q={pe& [lp-of =1}

For any p € @, we have 2
T,Q = Span™(p — o)

We choose an orthogonal Cartesian system (o,eq,eq,e3) in &, s.t.

g=—ges, g:=]|g

Remark that two of the Cartesian coordinates can be regarded as local coordi-
nates on (). For instance, if p, = 0+ x,e1 + y,e2 + 2z,€3 is a point of () with
z, # 0, there exists an open neighbourhood U of p, in @ s.t. U =Im¢, &
being the local chart defined, on a suitable connected open neighbourhood X
of (x,,7,) in R?, by

EXCR? =& (n,y)—»p:=0+me,+yey+zes, z:i=E\I12—12— >

where we choose the sign + or - according to whether z, > 0 or 2z, < 0.

Spherical pendulum

Put
F:=mg

An admissible smooth motion

p(t) € Q

is a DPM of 7T, iff it satisfies d’Alembert’s principle, which now takes the
universal form

g—pt) € Tpl(t)Q = Span (p(t) — o) (1)7
that is,
) Irwe =28 It,ue
or
p(t) - Iryme = —dow)V |10

62 See 1. 5.2.2, Example 8. Recall that * denotes orthogonal complement in F,. .
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where
V& -R:p—V(p):=—g-(p—o)

is the potential energy of g. 3

Equation (1)7 is called spherical pendulum.

In absence of a global chart or a covering mapping onto (), the global dy-
namics of 7 cannot be reduced to the study of ordinary differential equations.
Nevertheless, it is still easy to recognize the following (partial) results.

(i) First consider Cauchy data (t,,p,,V,) € R X T'Q) with

Vo =10

The maximal solution of (1)7; determined by such data is given, for all ¢t € R,
by
p(t) =p, € Q

iff

g S Span (po - 0)
or, equivalently,

po — 0 € Span (g) = Span (es)
The above condition
Po = 0+ 2p€3 € Q

is satisfied by
zZ, = %1

That shows the existence of two equilibrium configurations, namely
p1:=o0—les, py:=o0+le;s

The stability of the equilibrium at p; follows from Dirichlet’s criterion,
since Vig:p € Q — V(p) =—g-(p—0) = gz admits a strict minimum at
p1, namely V(pi) = —gl.

The instability of the equilibrium at py follows from Chetaiev’s criterion,
since V' admits of a (strict) maximum at ps, namely V(p2) = g¢l, which
can be recognized —in Cartesian coordinates about ps— from the negative
definiteness of the ‘Hessian’ quadratic form on R? of coefficients %

( 92‘ Ve ) ( 92‘ Ve ) '
é ‘1.2 (0,0) é y2 (0,0) l
63 See footnote .

64 V(z,y) = g+/I12 — 22 —y? is the (local) coordinate expression of V in a suitable
neighbourhod of ps = £(0,0).
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( 0?V > B < 0?V ) _0
0xdy 0.0) 0yox (0,0)

(ii) Now consider Cauchy data (t,,po, Vo) € R x TQ) with

Vo # 0

In such a case,
A:=0+A, A:=Span(p,—o0,v,)

is a plane through the centre o of ) and then
C=ANQ

is a great circle of @, such that p, € C' and v, € T,,C. %
Let

p(t) € C

(for all ¢ € R) be the maximal solution —determined by the given Cauchy
data— of the mathematical pendulum equation (in implicit form)

g—D(t) € TpL(t)C

If A is a vertical plane (i.e. g € A), the mathematical pendulum mo-
tion p(t) is the maximal solution —determined by the given Cauchy data— of
equation (1)7, since %

g—p(t) € An Tpl(t)C' = Span (p(t) — o)
Conversely, if p(t) € C satisfies the above equation (I)7, we obtain
g=(g—Dt) +b(t)cA
that is, A is a vertical plane.

That shows the existence, among the DPMs, of mathematical pendulum
motions along all and only the great circles lying on vertical planes.

65 Recall that 7T, C is the orthogonal complement of Span(p, —0) C A in A, ie.
T,,C = AN Span™(p, — 0) .

66 Recall that p(t) € A implies p(t) € Aand that the orthogonal complement of ToyC
in A,ie. AN TS@C’, coincides with Span (p(t) —o) C A.
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Geodesics of a sphere

Consider now the spherical surface @@ C Er of Earth (vew), where the tan-
gent vector component Fi,,, of the force of gravity F = m G vanishes (the
centrifugal supply being negligible). ¢7

In such a case, owing to Fyu,, = 0, d’Alembert’s principle takes the (uni-
versal) form of the geodesic law

b(t) € Tp,Q = Span (p(t) — o) (F)s

or, equivalently,
(p(t) — o) APB(t) =0

The solutions of equation (I)g are the gedesic curves of the sphere.

(i) To Cauchy data (t,, po, Vo) € R x TQ with
v =10
there corresponds the ‘degenerate’ geodesic curve
p(t) =p, € Q

(for all t € R).

(ii) To Cauchy data (t,,Po, Vo) € R x T'Q) with
Vo # 0
there corresponds a ‘non-degenerate’ geodesic curve
p(t) € Q
(for all t € R), whose behaviour is as follows.
As p(t) € T,»@Q and p(t) € Tpi(t)Q, we obtain

d
) 2.5
—dt(p p)=2p-p=0

67 Alternatively, you could consider a sphere @ in a freely falling reference space &3, where
the field of gravity locally vanishes.
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whence the (scalar) first integral

()] = [p(to)| = [vol

that is, p(¢) is a uniform motion.
As (p(t) —o) AP(t) =0, we also obtain

(b= 0) AD)=(p—0) AB=0

whence the (vector) first integral
(p(t) = 0) AD(t) = (p(to) = 0) AD(lo) = (Po —0) A Vo # 0
which implies
p(t) — o € Span™((p, — 0) A v,) = Span (p, — 0,v,) =: A
that is, p(¢) is a plane motion
pit)e A:i=0+ A

So
pt)eC:=QnA

is a uniform circular motion along the great circle C' of Q.
As a consequence, the geodesics of the sphere, i.e. the orbits of its non-
degenerate geodesic curves, are the great circles.

2.2.3 Rigid body

We shall now adopt the model of a ‘small’ 3-dimensional rigid body in terres-
trial dynamics.

Free falls

Let R = (Q,m,F) be a mechanical system corresponding to a ‘small’
3-dimensional rigid body freely falling in the terrestrial field of gravity g =
const. # 0.

At any admissible configuration p = (p;)i=1
c e &, , we have

, € QQ, with centre of mass

.....

Fz‘(P) =m; g
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whence
Rf(p) = Y Fi(p)
= D mig
= (Zz‘V:ﬂni)g
= Mo, Myi=p 5 M
and

T"(p) =

romi(pi—c)Ag
Srimi(pi—c))Ag

As a consequence, % the DPMs of R (free falls) are the admissible motions
characterized by the motions ¢ = c(t) of the centre of mass and the motions
A = A(t) around the centre of mass satisfying Newton equation

c=g
and Euler geodesic equation

d
—_— I —
g (Taw) =0

respectively, whose discussion has already been treated. %

Lagrange’s top

Lagrange’s top Rz = (Q, m,F) is a mechanical system corresponding to a
‘small’ 3-dimensional rigid body with a gyroscopic structure around the axis
G=06+ Span(éz) C &, through a point 6, constrained to stay stationary at a
point o € &, and the centre of mass ¢ = 6+ 2,85 (2, # 0); at any admissible
configuration

p= (pi)i:L...,u = (0 + A(f)z - 6))1‘:1,_._7,, S Q
the terrestrial force of gravity is assumed to be described by

Fi(p) = m;g

68 See HAD, section 2.3.4.
69 See section 2.2.1, Fulls in the vacuum and HAD, section 2.3.5, Euler geodesic equation.
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with g = const. # 0.

As is known, ™ the DPMs of R are characterized by the solutions A =
A(t) of Euler equation

Liw+wAIjw= T(F)(A)

with 7
TF(A) = T (p)
= Y 1(pi—0) AF(p)
= (Xioimi(pi—o0))Ag
= Cimi(pi—c)+ 2 mi(c—0))Ag
= (TLm) (c—0)Ag
MoZoC3 N &, My i=» o | M
As

TV . e5=0

(i.e. T¥ is orthogonal —at every admissible configuration — to the correspond-
ing position of the gyroscopic axis), ™ a solution of Euler equation exhibits an
angular velocity w = w(t) with a constant gyroscopic component

w - es = r, = const. (1)
and, if the above angular velocity corresponds to an initial condition
w(ty) =roes(ty), 1,>0

(prescribing a high initial angular velocity around the initial position of the
gyroscopic axis), then it approximately satisfies —in a small neighbourhood of
t,— the equation of gyroscopic effects

mOZO
wAey=— g /N\es (1)

I3r

that is,

70 See HAD, section 2.3.5.

"l The position of the centre of mass at p € Q is ¢ = o+ A(¢ — 0) = 0 + z,e3 with
€3 = A(ég) .

72 See HAD, section 2.3.5, Gyroscopic effects.
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or

mOZO
W = Wpyesz — T—I-
¢ Ir, (t1)
where the time function ™
MeZo
Wo =W+ €3+ 5 £ €3
Isr,

is constant, since (owing to (t), (1) and Poisson’s formula é;3 = w A e3)

. MoZo .
Wo = r, g- €3
MoZo
= Tor. g (wAes)
mOZO mOZO
~ Dr, & <_ Pr, g/\eg>
=0

So, owing to the equation (1) of gyroscopic effects, the above solution ex-
hibits —in a small time interval — the features of a regular precession, composed
of a proper uniform rotation w; := w,e3 around the moving gyroscopic axis
G = o+ Span(ez) and a precessional uniform rotation wy := —Tg2 g around
the vertical axis P = o+ Span(g) .

Foucault’s gyroscope

Foucault’s gyroscope Rz = (Q, m,F) is a mechanical system corresponding
to a ‘small’” 3-dimensional rigid body with a gyroscopic structure around the
axis G = ¢+ Span(és) C & through the centre of mass ¢, constrained to stay
stationary at a point ¢ € &r; at any admissible conﬁguratlon

p = (Pi)i=1,., = (c+ADi—06))_,., €Q
the terrestrial force of gravity is assumed to be described by
Fi(p,v) = m(g — 2wr A v;)
with g = const. # 0, wy = const. # 0 and

V= (Vi)izt,.w = (WA (Pi = €));q. .

73 Recall that &3 -85 =1 and then es-e3=1.
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As is known, ™ the DPMs of R: are characterized by the solutions A =
A(t) of Euler equation

Ty +w A Tyw =T (A4, w)

with ™

T"(A,w) = T%(p,p)
= > i(pi—c) AFi(p,D)
= Oimi(pi—c))Ag =237 mi(pi —¢) A(wr A (wA (pi — ¢)))
= 2> mi(pi —c) A (WA (pi — ¢)) Awr)
= 23 mi(pi — ) A ((wr-w) (pi—¢) = (wr - (pi — ¢))w)
=237 mi(pi —¢) A (wr - (pi —¢))w

where, if the angular velocity w = w(t) corresponds to an initial condition
w(t,) =roes(te), 7o>0

(prescribing a high initial angular velocity around the initial position of the
gyroscopic axis), it can approximately be substituted by its preponderant gy-
roscopic component wses, i.e.

T (Aw) = (=237 mi(wr - (pi —¢)) (pi — ¢) ) Awses
= —Igw3wT N es

(the last equality being due to the fact that

(2> mi(wr - (pi —¢))(pi — ¢) ) — Iswr € Span(es)

as one could easily verify in terms of components in an orthonormal basis
(81762,63))-
As
TF 3 — 0

(i.e. T¥ is orthogonal —at every admissible configuration — to the correspond-
ing position of the gyroscopic axis), "® the above solution of Euler equation
exhibits an angular velocity w = w(t) with a constant gyroscopic component

W3 = W - ez = r, = const. (1)

™ See HAD, section 2.3.5.
™ Recall that (uAV)Aw = (w-u)v— (w-v)u.
76 See HAD, section 2.3.5, Gyroscopic effects.
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and then it approximately satisfies —in a small neighbourhood of ¢, — the equa-
tion of gyroscopic effects
w/\egz—wT/\eg (i)

that is,
(wHwr)ANe3=0

or

W= Wwye3z — Wr (-I"I-)

where the time function 77
Wo =W+ €3+ wWr - e3

is constant, since (owing to (1), (1) and Poisson’s formula é3 = w A e3)

Wy, = W e
= —wr-(wAe3)
= —wr - (wr Aes)
= 0

So, owing to the equation (1) of gyroscopic effects, the above solution ex-
hibits —in a small time interval — the features of a regular precession, composed
of a proper uniform rotation w; := w,e3 around the moving gyroscopic axis
G = ¢+ Span(es) and a precessional uniform rotation wy := —wyr around the
parallel to the terrestrial axis P = ¢ + Span(w) (for that reason, Foucault’s
gyroscope is an instrument which can to give an experimental evidence —and
a measure — of the terrestrial ‘rotation” wr).

77 Recall that &3 -85 =1 and then es-e3=1.



Chapter 3

Appendix: reference
transformations

Kinematics is a descriptive study of ‘motion’ (kivnua). As the very concept
of motion requires the preliminar choice of a reference space, ! this Appendix
will provide the main tools for studying the kinematics of a ‘reference trans-
formation’ —i.e. the motion of a reference space with respect to another one—
and the effects of such a transformation on the kinematics of a particle. 2

3.1 Reference transformations
A reference transformation is a mapping

a:RX53—>53 : (t,f))'—>04(t,f)>

describing the motion of a reference space & in another reference space &;.,
that is to say, the motion

ap R — (93 = Oéf)(t) = a(t,f))
of each point p € & in & or, equivalently, the configuration
ar & = E P au(p) = aft, p)

of & in & at each time ¢t € R.

LA reference space — ‘mathematical extension’ of a rigid body carrying an observer — is
conceived as a 3-dimensional, oriented, Euclidean affine space.
2 The consequent effects on particle dynamics are shown in the main text.

98
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Rigid motion

A reference transformation « is assumed to be a rigid motion, preserving the
Euclidean structure of the spaces, i.e. a C'* mapping such that, for all t € R,
a; is a time-dependent, orientation-preserving, affine isometry. 3

So, if we choose an ‘origin’ 6 € &, the motion

Pt := ap(t) = (D)
of any p € & will be described by
p: = 0 + A(p — 0)

in terms of the value
O = O (6)

of a; at 6 and the linear part (orientation-preserving, linear isometry)
At : Eg — E3

of a; (one of them, at least, being a non-constant function of time).
Remark that, for any choice of a point o € &, we can write

Pt = (0 + Ay(p —0)) + (0 — 0)

where the first term in the right hand side describes how p may move round
the chosen origin 6 kept stationary at o and the second term describes how
the motion of 6 may differ from the state of rest at o.

Velocity field

The wvelocity field v(t,p) € E3 —describing the velocity of any point p at any
time ¢ — is the first derivative 3

a7t (t,p) €ER x & = a~L(t,p) := a; *(p) € & is then the motion of & in &.

4 E~’5 and F3 denote the vector spaces on which 55 and &3, respectively, are modelled.

5 Preliminarly notice that, in any two bases é : R® — E3 and e : R® — E3, A, is
represented by the linear isomorphism Agé’e) :=e loA;0é:R3 = R3, called ‘representative
matrix’ of A;. The time derivative Agé’e) is then the ‘representative matrix’ of linear
morphism A, := e o A,Eé"") o & !': E3 — Es (which turns out to be independent of the
choice of the bases). Moreover, there exists one and only one vector w(t) € E3 s.t. w(t) A =
Ao A7Y ) whence w(t) =0 <= A, =0.

Recall that the wedge product

AN:E3x E3— E3:(u,v) > uAv
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V<t7 f)) = pt
= Ot‘}‘(AtOAt_lOAt)(IS—é)
= v(£,0) + w(t) A (pr — o)
where w(t) € Ej, uniquely determined by condition w(t) A = Ao ATt s

called angular velocity of the rigid motion. .
The velocity field can also be expressed as a vector field v(¢,p) € E3 by

putting

and ©

Acceleration field

The acceleration field a(t,p) € E3 —describing the acceleration of any point
p at any time t— is the second derivative

a(ta f)) = I.jt .
= 0+ A(p—0)
= a(t,0) +w(t) A (v(£,D) — v(t,0)) + w(t) A (pr — or)

is the skew-symmetric, bilinear mapping defined as follows:
(i) if (u,v) is a linearly dependent system, then uAv =0;
(ii) if (u,v) is a linearly independent system, then

[uAv|:=|ul|v|sin Z(u,v) # 0

uAv e Span™(u,v)
(u,v,uAv) € Or(Ej3)

where Or(F3) denotes the orientation given to FE5 (in an orthonormal basis (eq,ez,e3)
belonging to Or(FE3), the components of w =u A v are given, for all i = 1,2, 3, by
W= ity 2 _ yitlyit?
where (4,7 + 1,7+ 2) is a circular permutations of (1,2,3) ).
6 Any orientation-preserving linear isometry such as A; ', satisfies —for all u,v € E3—
A7 (uAv) = A7) A AT (V).
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The acceleration field can also be expressed as a vector field a(t,p) € Ey
by putting *

(a(t,
o)+

)

() A (3(t,D) = ¥(t,6)) + w(t) A (B~ 0)

o

[sVR
&

at,p) = A

(t

Uniform translation

« is said to be a uniform rectilinear motion of translation, if 6, and A, are
constant functions of time, say

oo=v#0, Ay =A, Vt
The velocity field is then expressed by
v(t,p)=v or V(t,p)=7V
with v:= A7(v). 8
As a consequence, the acceleration field is expressed by
a(t,p)=0 or a(t,p)=0

Uniform rotation

a is said to be a wniform circular motion of rotation, if o, and w(t) are
constant functions of time, say

opo=0, wlt)=w#0, Vt
The velocity field is then expressed by

v(t,p) =wA (pt—o0) or ¥(t,p)=wA(p—0)

where @ := A;!(w) is a non-null, constant function of time. °

T As A, (@(t) = Ay (A7 (w(t))) = w(t) Aw(t) = 0, condition w(t) = A;(@(t)) implies
() = A(@(t)) -

8 Bach p € & moves in &3 uniformly (i.e. with constant scalar velocity |v(t,p)| = |v| #
0) along a rectilinear orbit of direction Span(v).

9 As 0=w(t) = A; (dz(t)) , we have w(t) =0.

Check that the rotation azis A := &+ Span(@) C & keeps stationary in the position

A =0+ Span(w) C & and each p ¢ A moves in & uniformly (i.e. with constant scalar
velocity |v(t,p)| = [V(¢,D)| = |©@ A (D —0)| # 0) along a circular orbit centred at a point of
A and lying on a plane orthogonal to A.
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As a consequence, the acceleration field is expressed by
a(t,p) =wAv(t,p) or a(t,p) =wAV(L,D)

The centripetal direction of the acceleration a(t,p), is exhibited by the
following more explicit expression °

a(t,p) = @AV(£D)
— GA@A(D—0)
= (P—0)AQ)AD
= (b—0) @)® —&*(p—0)
= &*(p"—0) — &' (p—0)
~&*(p —p")

where p* denotes the orthogonal projection of p onto the rotation azis

A := 06+ Span(®)

3.2 Galileian transformations

Reference transformations produce special effects on the kinematics of a parti-
cle. In this context, Galileian transformations —i.e. reference transformations
determined by uniform rectilinear motions of translation — play a distinguished
role

Composition of motions

Let .
F: I CR—= & :t—D(t)

be a smooth motion of a particle in &;.

10 We shall make use of the following property of wedge product
(AN AW=(0-W)V— (VW)U
We also recall that the orthogonal projection of p onto A := &+ Span(®), is
0\ @
pri=0+ <(f>6)'~> =
@l /[l

where |02 =% =0 Q.
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Such a motion, observed in &, will be described by the composition
vimao(TxA) T CR =&t X (4,p(1) =2 p(t) = a (¢, p(t))
since the particle, at any time ¢ € I, occupies the position
p(t) € &
which in turn occupies the position

p(t) = a(t,p(t))
= a(p(1))

o+ A(p(t) — 5) € &

Composition of velocities

By derivation . ‘
p(t) = (0 + Au(p(t) — 6)) + Au(D(2))

we obtain the classical composition law of velocities

p(t) = A(B(t) + v(t,B(t))

whence

p(t) = A7 (b(t)) — ¥(t.B(t))

Composition of accelerations

By further derivation
B(t) = (6. + A(B(t) —6)) + 2 A,(B(1)) + Ai(p(t))
we obtain the classical composition law of accelerations
B(t) = Ai(p(t) + alt,p(t)) + 2w(t) A A(D(t))

whence

p(t) = A7 (B(t) — at,B(t) — 20(t) AD(t)

UWput 7:telr(t):=tcR and 7 x5:t el (t,p(t) € R x &s.
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Acceleration supplies and Galileian transformations

In the above composition law of accelerations, we encounter ‘acceleration sup-
plies’ given (up to the sign) by the values —along the graph of the tangent lift
of 4— of the vector field

TR xE& x FEs— Fsy: (t,p,%) — L(t,p,v) == a(t,p) + 20(t) AV

arising from the reference transformation «.
The distinguished role of Galileian transformations in particle kinematics,
is shown by the following result:

Proposition T vanishes identically, iff « is a Galileian transformation.
Proof: We have

L(t,p,v) =a(t,p)+20(t)Av=0, Vip,v

iff
a(t,p)=0, w(t)Av=0, Vtp,v

a(t,p)=0, @t)=0, Vt,p
a(t,p) =0, w(t)=0, Vt,p
a(t,0) =0, w(t)=0, Vt
6, =0, A, =0, Vt

n=v£0, A=A, Wt

i.e. « is a Galileian transformation (uniform, rectilinear motion of transla-
tion). O



