Chapter 2

Optics and Optical Devices

All optical spectroscopy instruments are optical devices in that they use light sources, ma-
nipulate the light and measure the light. Optics and optical devices have a long history going
back to 17th century when the wave and corpuscular light theories were developed by two
famous scientists Christian Huygens and Isaac Newton. Nowadays optics is a well devel-
oped branch of natural sciences with numerous subtopics, application fields and wide range
of instruments and tools available commercially. Giving its importance for understanding
the principles of the optical spectroscopy instruments this Chapter will discuss a few general
topics, such as interference and interferometers, diffraction and diffraction resolution limits,
monochromators, and calculation of optical systems in geometrical optics approximation.
However, this is rather fragmentary selection of optics subjects and readers are advised to
refer to general optics text books for more complete study of the subject.!

The photon, being a quantum object, has a controversy of wave and particle presenta-
tions. Also there are unified theories, it is common to use wave theory to discuss interference
or diffraction properties of the light, and to present photons as particles for ray tracing or
to study their interactions with matter. Accordingly, the wave presentation of light will be
discussed at first, following by its application to interference and diffraction. In the last sec-
tion we shall switch to geometrical optics to discuss calculations of beam tracing in optical
systems.

2.1 Waves

2.1.1 Wave equation

In a simple one dimension case (1D) the wave equation is
0? 102
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where f = f(x,t) is a function of coordinate = and time ¢, and ¢ is a constant. For example
a string vibration can be described by the wave equation, then f(x,t) can be the string

I'The author used a book by Robert Guenther as a reference [1], though there are many other excellent text
books on modern optics.
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Figure 2.1: Propagation of a pulse along the string (1D wave). The amplitude and the shape
of the pulse do not change as the pulse propagates along the string.

displacement at position z. A general solution of the equation is
f=ulct —x)+v(ict + ) (2.2)

Where u and v are any functions of a single parameter. These functions present two waves
propagating in opposite directions: the wave u(ct — x) propagates in direction of increasing
x, and the wave v(ct + x) in decreasing x.

An illustration of a pulse propagating along the string is presented in Fig. 2.1. Let us
assume that at time ¢ = t; the shape of the pulse is given by a pulse-like function u(y)
which has a single maximum at y. Naturally, in our case the argument of the function u is
y = cty —x, that is uw = u(cty — ). At fixed time ¢ = ¢4, function u(cty — x) depends only
on x. The position of the maximum, x, is given by a simple relation yg = ¢t — x1, 1. €. at
time ¢; the coordinate of the maximum is x1 = ct; — yo. At time ¢t = t5 the shape of the
pulse is determined by the same pulse-like function u, although now it reads as u(cts + ).
Thus, at time ¢, the maximum of the pulse is at point 2o = cts — yo.> The displacement of
maximum Az = x5 —x; in time interval At =t —t1 is Az = ¢ty —yo— (cta—yo) = cAt,
and the velocity of the pulse propagation is ¢ = %, so the constant ¢ in eq. (2.1) is the
wave velocity.

In three dimensional (3D) case, the wave equation is, for any scalar field or potential
component,

( 1 90°U

where V2 = 2 4 g—; + Ba_; is the Laplace operator and U = U (x,y,z,t) = U(7,t) is a

— 9z?
function of coordinates and time. This equation describes acoustic waves, for example. The

20ne can notice that Yo = ct1 — x1 = cto — w2, which means that ¢t — x is invariant of eq. (2.1).
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electric filed is the vector field, for which the wave equation in free space is*

—
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€olho?
€o and p1o are permeability and permitivity of vacuum, respectively. In dielectric medium

1
€€ofbflo
Solution of 3D wave eq. (2.3) is not as straightforward as for 1D case, since there is

infinite number of propagation directions. Usually a concept of the wave front is used to
solve eq. (2.3). However, the problem can be simplified considering harmonic waves.

where

and the velocity of the electromagnetic waves (e. g. light) in free space is ¢ =

the velocity is ¢ =

2.1.2 Harmonic waves

Harmonic waves are practically important for spectroscopy applications, since the emission
and absorption usually occur in relatively narrow spectrum range. The photon energy de-
termines the frequency of its electromagnetic wave, thus, electro-dynamically, photons are
essentially harmonic electro-magnetic oscillations. Another term used in optics to denote
harmonic electro-magnetic oscillations is a monochromatic wave.

Harmonic oscillations are given by functions sin(wt) or cos(wt), where w = 27v, and
v is the oscillation frequency and w is the circular frequency.* Another useful and widely
used mathematical notation for harmonic oscillations is (Euler formula)

et = cos(wt) + i sin(wt) (2.5)
For example, a harmonic wave in 1D case can be presented as
f — foei(wt—fcz) (26)

where the argument of the function was changed to be dimensionless as required by sine,
cosine or exponential functions. It is also convenient to use wt — ka as the argument in
mathematical presentation of harmonic waves since it shows the frequency (w) of oscilla-
tions. In terms of eq. (2.6) the velocity of the wave is ¢ = %, and parameter « is called

(circular) wave number. In space the period of wave, or the wavelength, is A = %, or

_2r5
A= 2T

2.1.3 Plane waves

Extending the equation of monochromatic wave to 3D case, one can rewrite an equation for
plane waves

U = Uye@t=F7) 2.7)

3The electromagnetic waves have two components: electric and magnetic fields. However, as follows from
Maxwell equations, these two components are tightly related with each other, and only one of them is needed to
describe completely the electromagnetic wave. By convenience the electric component will be used here.

4The circular frequency is convenient and preferred notation here as it gives shorter form of equations.

SConversions from the circular to linear frequency and wave number are w = 27w and k = 27k, respec-
tively. An equivalent presentation of harmonic wave is f = foe'2™(“4=k2) ith the wave velocity ¢ = 7 and
wavelength A = k~1, respectively.
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Where 7 = 7(x,y, z) is the vector from the origin of the coordinate system to point with
coordinates (z,y, z), and £ is the wave vector. In isotropic dielectric medium the wave
vector, &, determines the wave propagation direction and its absolute value is K| = k = %,
or it is equal to the wave number of the 1D case considered above. One can select the
coordinate system so that, e. g., axis Z is directed along the vector &, then the projections
of the vector are r, = 0, k, = 0 and k., = |K| = k. Thus, the product K7° = k@ + Kyy +
k.2 = K = Kz, and eq. (2.7) can be rewritten as U = Uye!“*=#%)_ In other words, by

proper selection of the coordinate system, the 3D plane waves can be reduced to 1D waves.

The wave given by eq. (2.7) has infinite wave front and its amplitude, U,, is a constant
in the whole space. This is not very useful (practical) model, usually we like to know how
do waves change when propagating through different media, e. g. optical system, lens for
instance. Then it is reasonable to limit the size of the wave, i. €. the value Uy can not be a
constant. This can be done by rewriting eq. (2.7) as

U = U(7)e!@t=FN (2.8)

where U (7) is a slow function of coordinates (compared to the wavelength) and is called
wave amplitude. Substituting eq. (2.8) into eq. (2.3) one can obtain equation for the wave
amplitude, U (7), also known as Helmholtz equation

(V2+rHU =0 (2.9)

This equation is only valid when the function U (7) is much slower than function e*(<™),
Then one can consider only wave amplitude distribution over the space but can omit oscil-
Li(wt—R7) 6

lating part, e

In optics, we usually can neglect a change of the wave amplitude, U (7), at distances
compatible with the wavelength, A. In addition oscillations of the electromagnetic field at
optical frequencies are much quicker than the time resolution of measuring instruments.
Therefore, experimentally available value is power averaged over a space region which is
much greater than the wavelength and in a time interval much longer than the wave period.

The energy flow of the electromagnetic field is given by Poynting vector S=FEx4H.

—

The light intensity’ is the time average of Poynting vector I = < S >, and it is proportional
to the square of the electric field amplitude for the electromagnetic wave, I Egmpl'x The

intensity is the parameter which is available experimentally and commonly used to measure
the light at different points of optical systems. Therefore, in calculations of the electric field
we shall finally look for light intensity or equivalent measure describing the electromagnetic
wave.

®It is also important to notice that the amplitude in eq. (2.9) does not depend on time. Therefore Helmholtz
equation describes stationary wave flow.

"Here the intensity is power density. However, the term light intensity is ill defined in itself and can be used
to refer to different forms of the light power characteristics.

81n dielectric medium I = <|5'|> = %Ez

ampl”®



2.2. Interference 19

2.2 Interference

In this section the interference of plane monochromatic waves will be discussed. This means
in particular that the wave front is assumed large enough to neglect its distortions at dis-
tances characteristic for the interference phenomena. Therefore the wave presentation of
eq. (2.7) will be used.

Interference is mutual influence of two or more waves producing certain characteristic
phenomena. In the case of electromagnetic waves (e. g. light) the mutual influence is
superposition of the electric fields produced by different waves (or by difference sources
of the waves). Let us consider two sources of the electromagnetic waves. If one source
produces electric field E,ata point 7~ and another source produces field E, at the same
point, then the total field at this point is E = E) + F,. Let us further assume that the
waves are flat and have the same frequency w, so that the corresponding wave vectors, <
and Ry, have the same length, i. e. |<1| = |R2|. Then, the electric field of the first wave is
EL (7 t) = E1e'@=F17) and of the second is Ey (7, t) = Epet(“=R27) respectively.®

It is important to note that the orientations of the pairs of the vectors El and %1, and Eé
and Ko cannot be arbitrary. In dielectric media the electromagnetic waves are propagating
in the direction perpendicular to the plane formed by electric and magnetic field vectors,
thus E - 7 = 0.

For further simplification let us assume that the vectors El and E_':z have the same orien-
tation, which means that £ and E, are perpendicular to the plane formed by the vectors <

and Ks. Therefore, the vector sum can be replaced by the sum of scalar values ‘El‘ + ‘Ez ‘
Then, the total field created by these two waves is

E(F,t) = B/ =F7 4 Byellwi=Far) (2.10)

The experimentally available parameter is light intensity, which is proportional to the square
of the amplitude of the electric field oscillations I ~ E3, where Ej is the amplitude of the
oscillations,'” and can be calculated as I = EE*, where E* is the complex conjugated
number of E'!

] = E-E*= (Ele'i(wtfk‘lf) + Eze'i(wtfk‘zf“)> (Elef’i(wtff_hf) + Ezef'i(wtfﬁzf)>

E? + E2 + B\ E, (ei(le—@)f#e—i(m—@)r*)

= E} + E3+2E,Eycos ((Ry — Ra) ) (2.11)
The only variable term of T is 2E Excos ((R1 — Ra) 7). It gives sinusoidal variation of the
light intensity in direction <1 — <2. The period of the modulation in this direction is | 2

Ri—FRa|"

9In a general case one of the waves may include a phase argument, e. g. Ebe!(wt=R17+0) This, however,
will not change the following consideration, so one can safely assume here that o = 0.

10 A5 was noted in Section 2.1.2 and footnote 4, the power density is I = <§ > = 5—2‘:E5 However, the
coefficient 5—2° will be omitted in all further calculations and a simple relation, I = Eg, will be used. This will not
create any mistake as in all cases two transitions will be made: from the intensity of the individual beams to the

electric field and then back to the intensity of the interference pattern.
If A = ae*®, then (by definition) A* = ae~*®. Thus, A - A* = ae'®ae™"® = a?.
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Figure 2.2: Michelson interferometer. M; is a semi-transparent mirror, and My and Mg are
100% reflectors.

27 27

Thus, using scalar wavelength A\ = F] = T%] instead of wave vectors and introducing the

angle between the propagation directions of the waves, o, one can obtain interference period
as L = m

Since E? + E3 > 2F; E», the intensity I is never negative. When the waves have the
same amplitudes, I/ = F, = F, the intensity of the interference pattern changes from 0 to
its maximum value of 42, which is two times greater than the sum of the intensities of the
interfering waves, 252,

Example 2.1: Interference period of two monochromatic waves. In order to obtain an inter-
ference pattern of two monochromatic plane wave at A =500 nm (green light) with
period of L = 1 mm, the angle between the wave propagation directions must be
a=2sin"" (£ ) = 2 = 0.0005 radian or ~ 0.03°.

There are many optical devices utilizing the phenomenon of wave interference. Such
devices are called interferometers. Two types of the interferometers are particularly im-
portant for spectroscopy applications and will be discussed here. These are Michelson and
Fabry-Perot interferometers.

2.2.1 Michelson interferometer

Michelson interferometer has found numerous applications and was reproduced with mul-
tiple modifications. A classic scheme of the interferometer is shown in Fig. 2.2. It consists
of three mirrors: a semi-transparent mirror M; and two reflectors My and M3. If incoming
beam has intensity I and the mirror M has reflectance R, then the intensity of the reflected
beam is RI and the intensity of the transmitted light is (1 — R)I, respectively.'” Let us
follow the propagation of the reflected beam first. The mirror Mo, must be adjusted so that

12Transmittance of the mirror My is 7' = 1 — R.
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the beam reflected by the mirror M; is returned back by exactly the same path. Then the re-
flected beam will hit the semi-transparent mirror M; at exactly the same point as incoming
beam (I). The intensity of the light, which will cross the mirror My, is Iy = R(1 — R)I.
This is the first beam on the interferometer output. Now let us follow the propagation of
the beam which is transmitted by the mirror My at the first incidence of the incoming beam
(I). Its intensity after the mirror M; is (1 — R)I. The mirror M3 must be adjusted so that
reflected beam hits the mirror M; at exactly the same point as incoming beam (). Part
of the beam will be reflected in the same direction as previously considered beam I, and
its intensity is Io = R(1 — R)I. Thus, properly adjusted Michelson interferometer splits
incoming beam () on two beams (/; and I;) of equal intensities and propagating in the
same direction.

In order to calculate the resulting output intensity of the interferometer one needs to
sum the electric fields created by two beams and find the light intensity for the resulting
field. Considering a monochromatic light and taking into account that the beams are prop-
agating in the same direction, e. g. along Z axis, the fields can be written as E1(z,t) =
Ee’@t=r2=¢10) and By(z,t) = Eyye’@t="27%2) respectively, where FE,,; is the field
created by one of the beams (on the interferometer output). The phases ; and 5 depend
on the propagation distances of the beam from the semi-transparent mirror M; to the reflec-
tors (Mg or M3, respectively) and back, and can be written as 1 = 2kd; and @y = 2kda,
where the multiplier 2 is due to the fact that each beam travels twice the distance from the
semi-transparent mirror to the corresponding reflector (My or M3). Thus, for the electric
field of the interferometer output one can write

E = Em‘tei(wtfnzf‘z,'{dl) + Eoutei(wtfl-;zf‘ZHdz)

— Eoutei(wtfﬂz) (ef‘zil-;d,. + 6721'1-;(1,2) (212)
And the light intensity is

Iowe = E- E*
— Eju’tez(wt—nz) (e—ZZKdl + e—Zzndz) e—z(wt—nz) (eszh + eZMdz)

(2+€—2m(d|—d2) +€2m(d|—d2)>

(1+ cos2k(dy — da)) (2.13)

= E?

out

= 2F?

out

Converting the wave number « to the wavelength one obtains

(1 +cos M) 2.14)

Iout = 2E2 \

out

Finally, taking into account the reflectance of the mirror M,

Iyuy = 21, R(1 — R) (1 + cos w) (2.15)

dy—da

2, and varies

Thus, the output intensity depends on relative beam propagation delay
from 0 to 4R(1 — R)I;y,.
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Figure 2.3: Fabry-Perot interferometer

A straightforward application for the Michelson interferometer is direct measurement
of the wavelength of monochromatic light. By smooth changing of the distance d(or ds)
and counting the interference maxima, which comes as cosine function of the distance, eq.
(2.13), one can determine the wave number as number of maxima per unit length,' and the
wavelength as inverse of the wave number.

A short list of the Michelson interferometer applications in the optical spectroscopy
application includes:

e wavelength determination;

e measurements of the light coherence length (the interference pattern can be observed
only for coherent beams I; and I»);

e optics diagnostics (an optical component, €. g. a lens, can be inserted between mirrors
M; and M; and any distortions of the wavefront will be seen in distortions of the
interference pattern on the interferometer output);

o fine displacement measurements;

e optical correlators (ultra-short pulse width measurements, will be considered in Chap-
ter 4.5.2);

e Fourier transform infrared spectroscopy;

2.2.2 Fabry-Perot interferometer

Fabry-Perot interferometer is formed by a pair of mirrors aligned parallel to each other at
some (short) distance, d, as presented in Fig. 2.3. For simplicity we will consider normal

3Note that circular frequency was used in egs. (2.10)-(2.13). In turn, eq. (2.14) was rewritten for “linear
units”, and corresponding form for the wave number is Ioyt = 2E§ut (1 4 cosdmk(di — d2)), where k is the
wave number, and k = 27k. See also footnotes 4 and 5.
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incidence of the light and we will suppose that incoming light intensity is 1, i. e. E;, =
e!wt=r2) - For the further simplification, let us suppose that the mirrors have the same
reflection coefficient r for the electric field flow, thus the intensity reflection is R = 72. The
corresponding transmittance for the electric field component of the wave is f = /1 — r2.

The interference pattern after the interferometer is formed by multiple reflections of the
incoming beam between the mirrors. The electric field created by the incoming plane wave
right before the mirror M; is E = e/(“t=#2) = ¢it (» = ()). Right after the mirror M; the
electric field of the incident light is fe’“*, and before the mirror My is fe!(«t=5d) (z = d).
After the mirror M, the field is

E, = ffei(wtfﬁd) _ f‘Zei(wthd) (216)

This is the first beam participating in the interference on the interferometer output.

The part of the light, reflected by the mirror My, fre?(“t=%4) returns back to the mirror
M;, where another portion of the light is reflected in direction to the mirror Ms. The field
of the reflected light is fr2e’(«t=254) Part of this beam will cross mirror My and form the
second beam participating in the interference,

Ey = f,,,,rfei(wtfiiﬂd) — f2,r2€i(wt73fed) — E1‘7,2€7’i2f€d (217)

This re-reflection process will continue again and again giving beams E3, Fy, ... E,, and so
on. It is clear, that for the beam n the electric field is

E’n — E1‘7,2(n71)€7i2ﬁd(7171) (218)

The resulting electric field after the mirror My is the sum of all the beams

00 00 o
Eoue = Z E,=E Z T2(n—1)e—i2nd(n—l) -, Z (Tze_igﬁd)n—l
n=l1 n=1 n=1
- L i (r2emized)" = B 2.19)
= 1 _ j2p—i2nd .

Finally, the intensity of the transmitted beam is'4

(1- r2)2

Tout = (Eout Egue) = (1 —72)2 + 472 sin? kd

(2.20)

Converting eq. (2.20) to intensity reflection, R = r2, and wavelength, x = 27”, ong obtains

(1-R)?

Iout = Ii -2 9nd
(1 — R)2 -+ 4RSln -~

(2.21)

The transmittance, T = I,,:/I;n, of the interferometer in a narrow wavelength range is
shown in Fig. 2.4 for d = 0.01 mm and R = 0.5 and 0.9.

14Calculations of the intensity from the electric field eq. (2.19) can be found in e. g. ref. [1] p. 108.
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Figure 2.4: Transmittance spectrum of the Fabry-Perot interferometer of thickness d =
0.01 mm and formed by mirrors with reflectance R = 0.5 (dashed line) and 0.9 (solid line).
Equation (2.21) was used for the calculations.

When % = N, where N is an integer number (0, 1, 2, ...), sin? % =0and I, = I;p,
i. e. the light crosses the interferometer without any decrease in the intensity even when the
interferometer in formed by two mirrors with high reflectance. Therefore the transmittance
spectrum consists of sharp lines at wavelengths satisfying condition 2d = N . If there is
a transmittance maximum at \g, then N = 27‘] and the next maximum will be at A\; which

correspond to NV — 1. Thus the spectrum distance between maxima is
A3 A3

Adgp = ————

o0 = ~ 20 222
Pod—X 2 (2.22)

The spacing between the lines in the wavelength domain decreases as distance between the
mirrors increases.

When 28 = N + 1, i. e. sin® 2f¢ = 1, the transmittance of the interferometer has its
minimum value

2
[m'i,n = [1',718_'_;{;2 (223)
For example, if R = 0.5, then I,,,;, ~ 0.111;,, or the light rejection is higher than what
could be expected for two “independent” mirrors, R? = 0.25.

One of the applications of the Fabry-Perot interferometers in optical spectroscopy is the
fine spectrum resolution. Then the value A, (eq. (2.22)) can be treated as the spectrum
range of the Fabry-Perot interferometer, meaning that if the studied light has wider spectrum
the resulting pattern will be overlapped of different spectral parts.
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For spectroscopy applications the interferometer is placed on the way of a plane wave
front and fine tuning of the interferometer transmittance wavelength is achieved by turn-
ing slightly the interferometer. When the light incidence angle, «, is not zero (at nor-
mal incidence o = 0) eq. (2.21) can be used after substitution d = h(cosa — sin® a)
where h is the distance between the mirrors.!> Thus the transmittance maxima will be at

A= 2 (cosa —sin® a) = Ag(cos a — sin” a). For a small angle o one can use approxima-

tions cos v ~ 1 — “72 and sin® o &~ a2, so
1 2
A@) ~ Xo(1+ 50?) (2.24)

At angle o ~ 4/ ZA/\% the interferometer will be again transparent to light at wavelength
Ao (at N +1).

For the purpose of spectrum resolution analysis one can introduce a contrast factor ' =
ﬁ and a dimensionless value ¢ = 25¢. Then, eq. (2.21) can be rewritten as

1
Iout =1

NS g 2.25
n1+Fsin2<p (2.25)

The half intensity bandwidth can be determined from condition [,,,; = %Im, which results
in equation

1+ Fsin?p=2 (2.26)
or
in L (2.27)
S =1/ = .
YEVE

Usually, I is a big value, e. g. F' =360 at R = 0.9, and I’ = 1520 at R = 0.95. Therefore,
one can use approximation

1
PR\ F (2.28)
which is the equation to be solved in order to evaluate the spectrum resolution of the inter-
ferometer.
Interferometers for the fine spectrum resolution are usually constructed so that d >
A. This means that d > 1p in the optical wavelength range. Then, considering a small
deviation of the wavelength from the wavelength of the maximum transmittance, \g, one
obtains

__~sma  2md el AN 22
L VS W W X + (2.29)

2md N 2wd AN 27d @
Ao A2

150ne have to account for the traveling distance between mirrors (cos ) and for the phase shift due to the fact
that the wave front is not parallel to the mirror surface (sin? ).
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where A is the deviation from maximum. Since \g is the wavelength of the transmittance

maximum % =N (sin % = () and using eq. (2.28) one can write

2md 1
— AN~ 4] = 2.
A2 A r (2.30)

Finally, the wavelength resolution is

A2 /1
A)\%ﬁ 7 (2.31)

Example 2.2: Spectrum resolution of Fabry-Perot interferometer. Suppose the interfer-
ometer is formed by pair of mirrors with reflectance R = 0.95 and placed at a

distance d = 1 mm from each other. The contrast factor of the interferometer
is FF = % ~ 1520. At wavelength \y = 500 nm the spectrum resolu-
2
tion of the interferometer is A\ = ;—"d % ~ 1073 nm. The spectrum range is
2 -
Ay, ~ % = 0.125 nm.'® Adjustment angle o ~ \/M;\% ~ (.02 radian or 1.3°.

In order to increase the resolution mirrors with higher reflectance can be used, e. g.
if R = 0.98, then F = 39600, and A\ ~ 2 x 10™% nm.

2.2.3 Interference filters and mirrors

All of the above considerations can be applied to any combination of parallel light reflecting
surfaces. For example, interface between two media with different refractive indexes can
be used as the mirror. Although reflection of such interface is not large,!” one can build a
system with multiple reflecting interfaces and place the reflecting surfaces at a distances sat-
isfying the best reflection or transmission conditions at a certain wavelength, thus achieving
a high reflectance or high transmittance. One of the applications of this type of structures is
the bandpass filters, when the system is designed to be transparent at a certain wavelength
range. Alternatively, the structure can be designed to achieve high reflectance in a certain
range and can be used as high reflectance mirror. This type of mirrors are commonly called
dielectric mirrors. Yet another application is anti-reflecting coating of e. g. lens surfaces.

A big advantage of these systems is that they are made of materials which do not absorb
the light — the light is either reflected or transmitted. Therefore they can work at extremely
high light power. This is practically important for laser applications where the light peak
power or pulse energy can be extremely high (see Chapter 3).

18The spectrum width of studied signal must be narrower than A\, otherwise different parts of the spectrum
will overlap each other.

71f the refraction index of the medium at one side of the interface is nq and at the another is n, the reflection
from the interface is R = %ﬁ— Roughly, the refractive indexes of the materials transparent in the visible
wavelength range (400-800 nm) vary from 1.35 (cryolite, Na3AlFg) to 2.3 (titanium dioxide, TiO2), thus the

maximum reflection from the interface is R < 0.07.
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2.3 Diffraction

Restriction of the plane wave front in space results in distortion of the front. This phe-
nomenon is called diffraction. The diffraction limits the spot size to which the light can
be focused. Also the beam presentations can be used only in a limited distance where the
change in the beam diameter can be neglected. These are probably two most important
implications for optical schemes design.

To explain the diffraction Dutch scientist Christiaan Huygens has proposed a wave the-
ory in 1670. He postulated that each point on a wave front can be treated as a source of
a spherical wave called a secondary wave or wavelet. The envelope of those waves, at the
same time, is constructed by finding the tangent to the waves. The envelop is assumed to be
the new position of the wave [1].

The mathematical treatments of the diffraction were developed later with important con-
tributions by Augustin Fresnel and Joseph Fraunhofer.

2.3.1 Fresnel formulation

Using Huygens principle Fresnel has developed a theory which allows to calculate the elec-
tric field amplitudes at any point in space for a wave front defined by some limited surface
S. The theory is applied to stationary harmonic waves. The electric field at some point in
space pointed by vector 7, (observation point) is given by Fresnel integral
E.(75) ;=0
E(7,) = / O(FS)%R61<K'R>(JS (2.32)
s

where E;(7%) is the electric field at a point on surface S given by vector 7, R = Ty — T's,
C(7) is the obliquity factor,'® and integration is done over the whole surface S. This is a
general approach when calculating diffraction of any waves.

2.3.2 Fraunhofer diffraction (far field approximation)

In Fraunhofer or far field approximation the vector Ris supposed to be much greater than
the size of the wave front .S. To simplify the problem let us consider plane wave propagating
through an aperture, so that the surface S is a plane and it is limited in space. Then, let the
plane S be XY plane of the coordinate system. The wave is propagating in almost 7
direction and we are interested in the deviation from this direction caused by the diffraction.
The deviation is given by function £ = FE(k,, k), since if the wave propagates in 2
direction only (as it takes place at S) then k, = O and s, = 0, i. €. E(k,,k,) = 0 when
Ky # 0 or ky # 0, or B = E,6(ky, ky). After this simplification, the Fresnel integral
(2.32) can be rewritten as

E(ky, ky) ://E(a:,y)ei(”‘l’”“'”y)(lar(ly (2.33)

!8The obliquity factor depends on orientations of the surface S and observation point 7. It was later derived
by Gustav Kirchhoff, therefore integral (2.32) is also called Fresnel-Kirchhoff integral.
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The most simple example of the case is a diffraction of a wave on a slit. If the slit is
oriented in Y direction, we can consider only X plane, which gives

+d ,
) 'ezn'a-,d
E(ky) = /e“‘”dm =—i (2.34)
Ka
~d

where 2d is the size of the slit and the amplitude of the wave at the slit is supposed to be
unity. Taking the real part of the field amplitude (2.34) one obtains

sin(kzd)

E = Re(E(k,)) = (2.35)

Ry
The projection of the wave vector, &, can be expressed in terms of the observation angle ¢,
which is deviation from Z axis, and the wave number « as k, = Ksinp = 27” sin ¢. Thus
eq. (2.35) gives the wavelength and angular dependence of the amplitude of the diffracted
wave

K 2md sin
an (24

E= (2.36)
27 sin
(#=522)
The light intensity is proportional to the square of the electric field amplitude,
102 s 2/27mdsin
5 sin“(kgd sin®(=55=2)
I=FE?= ,52 ) = - A S (2.37)
x <27T sin 52)
X

Both these functions, eqgs. (2.36) and (2.37), are pulse-like functions. The angular depen-
dence of the intensity is shown in Fig. 2.5. The functions have maxima at s, = 0, i. e.
¢ = 0, and decrease (with some oscillations) with increase or decrease of k., respectively.
The width of the “pulse” can be determined roughly from condition (which gives the first
intensity minimum, I = 0) k,d = 7 or K, = 5 or

A
singp = — 2.38
=157 (2.38)
This result has an important consequence. A limited in space plane wave cannot propa-
gate as a unidirectional beam. It will have divergence angle given by'”
i A (2.39)
sinp ~ p~ — .
prRY D
where D is the cross-section (aperture) of the diaphragm used to form the beam from “infi-
nite” plane wave and it was assumed that the cross section of the beam is much greater than
the wavelength, D > A. Consequently, even “ideal” lens cannot collect light into a spot
smaller than certain size, which is called diffraction limit.

19Strictly speaking, the divergence angle of the light after the slit measured as full width at half maximum
is p ~ %. However for a round diaphragm the divergence is slightly greater. Therefore relation ¢ =~ % is

reasonably accurate for a rough estimations of the diffraction effects.
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Figure 2.5: Angular distribution of the diffracted light (at A = 633 nm) after 0.2 mm slit
(d = 0.1 mm) calculated using eq. (2.37).

Example 2.3: Diffraction limit of beam divergence. Suppose a D = 0.5 mm diaphragm is
used to form a beam from a plane wave front at the wavelength A = 500 nm. The
divergence angle of that beam after the diaphragm is ¢ =~ % = 1073, At a distance
[ = 1 m from the diaphragm the diffraction will result in the spot size of [ ~ 1 mm,
which is reasonably close to the size of the diaphragm. However, at 10 m distance the
diffraction spot will be 1 cm in diameter, which is essentially larger than the initial
beam diameter. In other words, 0.5 mm beam keeps its cross section at distances
shorter than 1 m, but at longer distances the diffraction beam spreading becomes
essential.

Example 2.4: Diffraction limit of beam focusing. Suppose a light at A = 500 nm is focused
by a lens with focal length f = 10 cm and aperture D = 1 cm. What is the smallest
possible spot size produced by such lens? The diffraction on the lens aperture will be

A

atangle ¢ ~ 4. This divergence gives a spot in focal plane of size d = fp ~ )\% =

5 p. In the best case the spot size will be 10 times greater than the wavelength.

2.3.3 Diffraction grating

Diffraction grating is an optical component that is used to spread light into a spectrum. Typ-
ically diffraction grating is a mirror with many thousands of parallel lines, grooves, etched
on its surface. The lines must be at one and the same intervals, called grating period. A flat
incident wave front is reflected from the grating at a number of angles determined by the
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Figure 2.6: Diffraction grating with period I. The first order diffraction angle appears when
the delay between reflections from the neighbor grooves is equal to one wavelength, A.

grating period and the wavelength. The diffraction angles are determined by the condition
of phase matching for the reflections form adjacent grooves. A simple illustration in Fig.
2.6 assumes a normal light incidence and one wavelength shift between the reflections. The
angular positions of the diffraction maxima are

sinf = mTA (2.40)

where [ is the grating period and m is an integer number (1, 2, ...), called diffraction order.
Naturally, in eq. (2.40) mT’\ must be less than one, which means that the maximum possible
diffraction order is m < %

The diffraction angle can be also expressed in terms of grooves number, which is defined
as reciprocal of the grating period, g = {71,

sinf = mAyg (2.41)

The grooves number is the parameter usually found in grating specification, and measured
in number of grooves per millimeter, i. e. mm~1.

In spectroscopy applications the gratings are used to spread the light by the wavelength,
and thus to measure the light intensity wavelength dependence. Therefore the wavelength
resolution is the parameter of interest. In a far field approximation the wavelength resolution
is determined by two factors: the wavelength divergence due to diffraction as given by eq.
(2.40) and the diffraction divergence due to the limited size of the wave front. The angular

resolution is Af ~ ﬁ [1], where L is the length of the illuminated area (i. e. the size of

the wave front). Equation (2.40) gives Af cosf = mTA’\, thus, the wavelength resolution is
AN l

~ 2.42

A mL ( )

In order to improve the wavelength resolution one can increase illuminated area L, which
is done by using bigger gratings, or use higher diffraction orders.
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Figure 2.7: Monochromator optical scheme. d; and d,, are the sizes of input and output slits,

respectively, f is the focal length of the mirrors, and ¢ is the angle between the incident and
diffracted beams.

Example 2.5: Spectrum resolution of diffraction grating. Typical grooves number for grat-
ings designed for the visible-ultraviolet wavelength range is g = 1200 mm~*, which
corresponds to grating period I = g~ ~ 0.8 u. Such gratings work in the first
diffraction order. If the size of the grating is L = 5 cm, the best possible spectrum
resolution of the grating at A = 500 nm is A\ ~ )\% ~ 0.008 nm.

2.3.4 Monochromator

Monochromator is an optical device which works as narrow band wavelength filter with
mechanically adjustable transmission wavelength. A typical optical scheme of monochro-
mator is presented in Fig. 2.7. The incoming light crosses the input slit of size d; and then
it is collected by a spherical mirror of focal length I placed at distance F' from the entrance
slit. After the mirror a flat wave front is formed and directed to the grating. The diffracted
light is collected by the second mirror and focused to the output slit of size d,,. Turning the
grating one can change the wavelength which will hit the output slit. In geometry presented
in Fig. 2.7, the equation of the light transmission wavelength is

I(sina + sin(yp + @) = mA (2.43)
where « is the incident angle of the light on the grating and ¢ is the angle between the inci-
dent and diffracted beams (this angle is fixed by the instrument geometry). Using grooves
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number the same equation reads
sina + sin(p + a) = mAg (2.44)

The right side of eq. (2.44) can be simplified if the light incidence angle « is close to 0
(normal incidence of the light on the grating)

sin v + sin(p + «) = sin o + sin « cos ¢ + cos asin =

=sina(1l + cosp) + cosasing ~ a1 + cos ) +sinp

and

1+ cos
a( + cos ) 4 Sing
mg mg

) = (2.45)

This is the monochromator dispersion equation.?’

The spectrum resolution of the monochromators is usually determined by the slit sizes,
which determines the divergence of the wave formed by the spherical mirror Aa = % In
other words, the wave formed after the spherical mirror is not flat and the diffraction limit
of the grating spectrum resolution cannot be achieved in most monochromator applications.
Then, the spectrum resolution of the monochromator is

d;(1 4+ cos @)

AN =
Fmg

(2.46)

As can be seen, to achieve better spectrum resolution one can

1. use smaller slits (decrease d); this is the regular method to change the monochroma-
tor resolution, however smaller entrance slit means usually that smaller amount of
light will enter the monochromator, and at slits size approaching the wavelength the
diffraction on the slit reduces the monochromator efficiency gradually;

2. use grating with higher grooves number (increase ¢g), the wavelength is the limit for
—1.

grooves number, in the visible part of spectrum the practical limit is 1200 mm™";

3. work at higher diffraction orders (increase m), then there may be overlapping diffrac-
tion orders and the diffraction order cannot be greater than m < (Ag)~!, also with
g = 1200 mm~! the diffraction order cannot be higher than one in the visible part of
the spectrum;

4. use mirrors with longer focal distance (increase F’), this increases physical dimen-
sions of the device, i. e. usually bigger monochromators have better spectrum resolu-
tion.

20Note the linear dependence of the wavelength on the angle cv. The linear relation between the grating angle
and transmission wavelength explains why the wavelength scale is so common for spectroscopy devices.
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An important monochromator parameter is its angular aperture, which is given by the ratio
%, where R is radius of the mirror (mirror size). It determines the maximum deviation of
the in-coming beam from the optical axes at the entrance slit. A bigger angular aperture
allows to collect more light and is, generally, preferable. However, bigger ratio % means

bigger aberrations and, therefore, may reduce the wavelength resolution.

Example 2.6: HR320 monochromator (ISA Inc.). The HR320 monochromator is an exam-
ple of a compact monochromator which can be used in many optical spectroscopy
applications. The monochromator utilizes 32 ¢cm focal mirrors, and in the visible
wavelength range is equipped with ¢ = 1200 mm™"' grating. It provides the spec-
trum resolution of 0.05 nm at 0.01 mm slits. The stray light rejection at 8 nm shift
from the monochromatic wave is 10~°, which is typical for single grating monochro-
mators. Overall dimensions of the monochromator are 40 x 34 x 25 cm?.

2.4 Calculations of optical system (matrix formulation)

2.4.1 Geometrical optics approximation

In this section we will consider an approximation of geometrical optics, which deals with
essentially flat waves with slowly changing amplitudes, but instead of operating with wave
fronts deals with beam and beam trajectories. An example of the device producing a beam
can be a laser. Also one can use a lamp with collimator and a diaphragm to obtain a beam.

Three important assumption for transition from the wave light presentation to the geo-
metrical optics are:

1. all dimensions are essentially greater than the wavelength (thus only wave amplitudes
are considered),

2. the waves are essentially plane waves,

3. travel distances of the waves are much greater than the wave cross sections.

This allows to replace waves by beams and to discuss the light propagation in terms of beam
trajectories. From a point of view of calculations of the light propagation the geometrical
optics simplifies the case by omitting the time dependence, so that one needs to consider
only the light intensities at different points in space (I(z, y, z)). The second simplification
is that the wave front is much smaller than the travel distance, so that the only information
left from the wave front is the propagation direction, but the size of the wave front itself can
be neglected.?! This means that the problem can be simplified to beam trajectory tracing
rather than solving the problem of light intensity distribution in space.

Following the strategy of the beam trajectory tracing one can further simplify the calcu-
lations by assuming paraxial approximation, which adds:

21The extend to which the size of the wave front can be neglected was discussed in Section 2.3 and Example
2.3.
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Figure 2.8: Paraxial approximation and beam propagation in optical system.

1. cylindrical symmetry;

2. propagation at sufficiently small angles to the symmetry axis, that it is possible to use
approximation sin(«) =~ .

In an optical system whose symmetry axis is Z, a paraxial beam at plane z (z =constant) is
described by two parameters: the distance from the axis r and the angle it makes with the
axis « (see Fig. 2.8). As the result, the whole diversity of the wave theory, as given e. g.
by Helmholtz equation (2.9), can be solved in terms of only two parameters, r and «, in
geometrical optics paraxial approximation.

2.4.2 Beam transfer matrix

Relation between the parameters at two planes, say planes P, (z = z1) and P» (z = 29) as
shown in Fig. 2.8, is given by a linear system

To = AT'l + B(,Yl

as = Cr1 + Doy (247)

or, in the matrix form
T (A B el
(o)-(e5)(%) e

Ry = MR, (2.49)

or

where

A B
M:(C D) (2.50)

is the beam transfer matrix (it is also called ABCD matrix), and R; = ( 21 ) and Ry =
1

T
( (j ) are the beam parameter vectors.
L2
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Determinant of the matrix M is unity, i. e. det(M) = AD — CB = 1, if the media
to the left of the input plane and to the right to the output plane have the same refractive
indexes. Otherwise det(M) = 71, where ny is the refractive index to the left of the input
plane and ns is the refractive index to the right to the output plane.

Simplicity of eq. (2.49) can be extended to an optical system of any complexity. Let us
consider a beam propagating in a complex optical system from plane z; to plane z, then
from plane z5 to plane z3 and so on to plane z,, .

input output
— | — | — = | — (2.51)

21 2 Zn+41

Let us suppose that the transfer matrices between the neighboring planes are known, i. e.
matrices for transfers R; 1 = M; R; are defined. Then, starting from the last transfer matrix
at plane z,,

Ryt = M,R, (2.52)
one can progress to the next left-side transfer at plane z, 1, which is

R,=M,1R,_1 (2.53)
Substituting R,, form eq. (2.53) to eq. (2.52)

Rpy1 =M M, 1R, (2.54)

Applying the same routine consequently one obtains the beam transfer equation from plane
z1 to plane z, 11

Rus1 = M, M,_i...Mi Ry (2.55)

Note the order of matrices in the equation: the indexes increase from the right to the left.

Thus, to calculate beam propagation through an optical system, one needs to divide the
propagation path into planes so that the transfer matrices are known for the neighboring
planes and to calculate the product of the transfer matrices.

The most often used transfer matrices are collected in Table 2.1. Derivation of the most
of these matrices is straightforward and can be done as a home exercise. Naturally, the
matrices collected in Table 2.1 can be used to derive transfer matrices of more complex
optical systems.

2.4.3 Imaging and magnification

Let us consider a typical imaging system consisting of a single lens. Let the focal length be
f and the distance from the object to the lens be d. We need to find the distance from the
lens to the object image, which will be denote as 2. This optical system can be presented by
four principal planes with known transfer matrices as shown in Fig. 2.9. Plane 1 (P;) is the
object plane; this is input plane. Plane 2 (P2) is placed right behind the lens. Thus the first
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Table 2.1: Transfer matrices of simple optical systems.

matrix
1 d
Free space of length d 0 1
1
Planar interface between two different media with refractive indexes n; ( 0 g )
and no "2
d
Parallel-sided slab of length d and refractive index n ( (1) 71l )
. ) 1 0
Thin lens of focal distance f _1 9
]f
Spherical mirror of radius R < 2 ? )
R
P, P, P P,
: I
|

S __Y

Figure 2.9: Ray tracing to obtain an image (in plane P,) of an object (in plane P;) and
application of the matrix formalism to calculate the optical system: z1, 22, z3 and z,4 are the
principal planes and M;, Msand M3 are corresponding transfer matrices.

transfer matrix is that for the free space of length d. Plane 3 (P3) is the plane right after the
lens, and the second transfer matrix is that of the thin lens. The last plane is the image plane
or output plane. Consequently, the last transfer matrix is that of the free space of length z.
The transfer matrix of the system is the product of three transfer matrices

1 1 0 1 d
o= (3 1) (4 1) (0 1)
1 =z 1 d
0 1 —% 1—f—;

1-2%2 dtaog—4%
— < It g7 ) (2.56)
!

M
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Having the transfer matrix for the optical system we shall answer the question: what does it

mean that the plane P, is the image plane? The property of the image is that all the beams

emitted from one point of the object will reach one and the same point at the image plane.

In terms of the transfer matrix formalism this mean that the beam distance from the axis at

the image plane, z4, does not depend on the beam angle at the plane of object, «1, that is

B = 0 for matrix M (see eq. (2.50)). Thus, B=d+x — de = (), and solving this equation
11

-1
one obtains a well known formula z = (7 - 3> . Finally, the transfer matrix from the

object to the image plane is

—1
d
M = (’?> 0
1 14
/ /

The value A of the transfer matrix determines image magnification. This follows from
the relation r4 = Arqy + Bay = Arq. Introducing magnification factor

T4 d -t
m=—=A=(1-= 2.57
& ( f) @.37)
one obtains
M = ( om0 ) (2.58)
N m

This is the general form of the transfer matrix of any imaging system.
The angular magnification of the imaging system is given by the element D of the

matrix M, i.e. my = &4 = % Thus, angular magnification, m,,, is the inverse of the

Qg
magnification m, thus mem = 1. This is important and general result.??

Let us introduce brightness of an object (or image) as light power emitted by a surface of
unit size in an unit angle.?* If the object brightness is b, then one can calculate the brightness
of image. The unit length of the object is converted to the length m of the image. The unit
angle of the object is converted to the angle m,, of the image. Thus, the brightness of the
image (accounting for the 2D case) is b; = m?m2b, and since mom = 1, b; = b. In other
words, ideal optical imaging system does not change brightness of the object. If the object
is magnified, the beams come to the image plane at angles smaller than those when they
leave the object. And if the image is smaller than the object, the beams are focused at the
image plane at angles greater than those when they leave the object.

In the end of this Chapter Example 2.7 discusses an estimation of the efficiency of the
light collection from a lamp to a monochromator entrance slit to obtain a monochromatic
light on the output of the system. This is a typical task in optical spectroscopy, €. g. to select
the excitation wavelength.

22 Actually, this comes directly from the fact that the determinant of the transfer matrix is unity, i. e. AD —
CB = 1. Since B=0, AD = 1, and thus mqom = 1.

230ne can note similarity with the emittance introduced to characterize the black body emission in Section
1.2.1, see eq. (1.21). The spectrum integral of the emittance is equivalent to the brightness.
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Example 2.7: Estimation of the light collection efficiency. Let us estimate a relative amount
of the light emitted by a lamp which could be passed to a monochromator. The
light is collected by a lens and focused onto the entrance slit of the monochromator.
According to the conclusion made in this Section the brightness does not depend
on the magnification of the image on the input slit. However there are two limiting
factors: 1) if the linear magnification is too big, the image of the emitting source is
bigger than the entrance slit thus a part of the focused light is lost, 2) if the light is
focused to a very small spot the angular magnification is high and a part of the light
can be lost because of limited angular aperture of the monochromator. Therefore,
let us assume that the light is focused in a such way that the image fits inside the

slits and the lens diameter is big enough to fill the monochromator angular aperture.

Thus the light is collected in solid angle 2 ~ 7 (%)2, where F' is focal length and

R is the radius of the monochromator mirror, see Section 2.3.4 and Fig. 2.7. Since
the lamp emits in solid angle 47 the relative amount of the collected light, or the

efficiency of coupling lamp with monochromator is 7. ~ § (%)2 = (%)2 If

the monochromator angular aperture is £ = 0.3, then 7. ~ %% ~ 0.006 = 0.6%.



