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Chapter 1

Vector relations

Show that:
VX (VxA)=v(v-A) - VA (1.1)
Solution:
We consider the x component on each side of (1.1), and start with the left-hand side
éz éy éz
[Vx(VxAl=| V. Vy V= = Vy(VXA): = 7:(V XAy
(VxA)e (VxA)y (VXA |,
0 0
= — A),— — A)L.2
gy (V X A): — 5o (V x AXL2)
Considering the z component of (7 x A), we have
c 0 0
=VVsly —Vyls = 3 A, a—yAm (1.3)

€, €, &,
(VXA)Z = Vz Vy Vz

Similarly, we get for the y component of (57 x A):
(1.4)

0 0
(V X A)y - VZAI - VzAz - &Am - %Az

We substitute these two expressions into (1.2) and obtain for the z component on the left-hand side

of (1.1):
0.0 0 0.0 0
[Vx(VxA), = @[@Ay - 87}141:] - @[@Az - %Az]
PA, A, 0PA, OPA.
02 + 0x0z (1.5)

- dzdy  Oy?
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For the right-hand side of (1.1) we have:

9 B 0A, 0A, 0A, 02 02 0?
[V(V-A) -V AL = Val ar T oy T 5 )_(@+@+@)Aw
PA,  PA, DA A, PA DA,
0xz2  Oxdy Ox0z  Ox? oy? 022
PA, PA, %A, 0’4,

Oxdy + 0rdz  Oy? 022
= [Vx(VxA) (1.6)

Thus, as far the 2 component of (1.1) is concerned, the right-hand side is equal to the left-hand side.
The proof for the y or z component of (1.1) follows in a similar manner.
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Chapter 2

Variable change in the wave
equation

In chapter 4.1 in the lecture notes [?] the equation

o*vV.
opdq

constitutes an important part of the derivation of a general solution of the wave equation.

Show that
oV B i32V _0
acz w2 o2
can be written in the form:
2
o0°V _0
Opdq

where p = ( — vt and ¢ = ¢ + vt.

Solution:

p=C—vt ; g=(+ut

dp  0q
a o
dp
ot
dq
ot

The first term in 2.2 becomes:

side 7

(2.1)

(2.4)

(2.5)
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oV ovoy avos_ov ov
ac  OpOoC 0qoC  Op g
V. 0oV v o, 0 [0V ov]oe oV OV oV
oz Opldp  Oq|OC 9q|Op  Oq|oC  Op? 0q> Opdq
The second term in 2.2 becomes:
o ovoy Vo [V oV
oo Op ot 0Oq Ot dp  Oq
v fofov _ovia, ofov ov]o
o2 Op|Op Oq| Ot 0Oq|dp 0Oq| Ot
_ ooy _evy o v _ov],
B dp [Op  Oq dq | 9p  Oq
:_iﬂ B _82V_82V EAYs
v2 ot op? 0q¢? dpdq
Adding 2.6 and 2.7, we get:
oV B ic’)QV 7482‘/ —0
a¢z w2 o2 Opdg

which was to be proven.

side 8

2.7)
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Chapter 3

Laplacian operator for spherically
symmetric functions

Show that the Laplacian operator has the following form in spherical co-ordinates for a function
with spherical symmetry (this form is used in section 4.2 in the lecture notes [?]):

102
VA = ~ 5l )] (3.)
where
= TR (32)
Solution:

Consider first the left-hand side of (3.1), from which we have:

P10 = (s + s + o) 10) (33)

Considering the first term in (3.3), we have:

0 af or x0f
= = Lz _ =2 4
arf ordx ror (3-4)
where we have used that
or 0 2z x
—_— = —/ 2 2 2 = = — .
or ox YT+ 2 /x2+y2+22 r (35)
Differentiating once more, we have
o o 1of
Ox? T oz v r Or

vor %oz |ror

10f 0 [18]‘}
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_1or, 0 [1or] or
= ror o |ror| oz
_ Lof e[ 10 10°f
- oror 7 r2or  r or?
_laf 22 [O*f 10f
R {aﬂ—rar] (3.6)
In a similar manner we find that
0? 10 2 [9? 10
2t = ra+ | 1)
Oy ror r? |O0r r Or
0? 10f 22 [0%f 10f
a2l = Tar T [aa] (38)
By adding (3.6), (3.7) and (3.8), we obtain:
L B0 R (R 108
v ror r2 or:  ror
_20f  O*f
= Yo Tare (39)
Consider next the right-hand side of (3.1), from which we have:
10 1T of
;E(Tf) = T_f‘f'rar]
102 10 of
e R [f”ar]
1 [of  of & 0°f
o _5‘r+8r+T67“2
_209f | 9*f

Comparing (3.9) with (3.10), we see that the left-hand side of (??) is equal to the right-hand side,

which was to be proven.
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Chapter 4

Waves and wave packets

4.1 Superposition of two harmonic plane waves

Two harmonic, plane waves of equal amplitudes propagate in the positive z direction. One of the
waves has angular frequency wy, wave number, kq, and phase constant §;, and the other has angular
frequency wsy, wave number, ko, and phase constant ds.

Find a formula for the sum of the two waves expressed in terms of the

e Average frequency: w = %(wl + wa)

e Average wave number: k = %(kzl + ko)

e Average phase: § = (61 + 02)

e Difference frequency: Aw = wi — ws

e Difference wave number: Ak = ky — ko, and

e Difference phase: A§ =61 — 0y .

Solution:

Vi =acos (kiz —wit+ 61) (4.1)
‘/2 = a COS (k2Z — (.L)Qt + 52) (42)
Ve =V1+ Vo =alcos(kiz — wit + 1) + cos (k2z — wat + d2)] . (4.3)

We use the following identity

x
cosz + cosy = 2cos

2 2

where we let

r = klz — wlt + 61
= kQZ - UJQt + 52 (45)
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1

0.8

0.6
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0.2

Figure 4.1: The amplitude A(z,t) in (4.7) varies slowly compared with the factor cos(kz — Wt + 9).

so that
1( +y) = 1(k; + ko) 1( + )t+1(5 + 02)
23719—21 222w1w2 212
= kz+wt+4
Sa—y) = (k= )z — 5w — )t + (61— )
2339—21 2z2w1w2 212
1
= =2(Lkz 4 Awt+ AJ)
— - 1
=Vrg = 2acos(kz—wt+5)cos§(Akz—Awt+A5). (4.6)

4.2 Group velocity and phase velocity

Show that when Aw/w << 1, the sum Vg of the two waves in (4.6) can be interpreted as a harmonic
plane wave that propagates in the positive z direction with phase velocity v = @w/k and with a slowly
varying amplitude that propagates in the positive z direction with group velocity v, = Aw/Ak.
Sketch the sum of the two waves.

Solution:

The expression in (4.6) can be written:

Vr(z,t) = A(z,t) cos(kz — Wt + 6) (4.7)

where

A(z,t) = 2a cos[%(Akz — Awt + AJ)]. (4.8)

When Aw << @, the amplitude A(z,t) will vary slowly comapred with cos(kz — @t + §), as shown
in Fig. 4.1.
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We find the phase velocity for the sum of the two waves, which has period T = 27/w and wave-
lenghth A = 27/k, by letting the phase be equal to a constant (since we consider a wave front) and

differentiating with respect to time:

kz(t) —@wt+d = constant
I
kZ(t)—-w = 0
I
, w
= t) = —.
v=2z(t) g

(4.9)

We find the propagation velocity of the amplitude A(z,t) or the group velocity in the same manner.

The result is:

_Aw

’Ug—ﬂ.

4.3 Dispersion and energy propagation

Show from the results in Exercise 4.2 that

1. vy # v in a dispersive medium.

2. vy = v in a non-dispersive medium.

Solution:

In a dispersive meduim k as a function of w is given by:

kw) = v(w) T v(w) - ;n(w)
=k = k() = “n(w)
ko = k(ws) = %n(a&)
S Tm st k) = forn(en) + wan(en)]
2 2c
= Ak=k —ky, = %[wm(m) — wan(wz)]

We find the phase velocity and the group velocity from (4.9) and (4.10):

w clwr + wo]
v = —_ =
k. win(w) + wen(ws)
Aw clwr — wo]
vy = =

Ak win(wy) — wan(ws)’
From these two results we see that:

1. vy # v when n(wy) # n(ws), i.e. in a dispersive medium.

2. In a non-dispersive medium n(w;) = n(ws) = n, so that

Vg = — = V.
g n

(4.10)

(4.11)

(4.12)

(4.13)
(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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Chapter 5

Connection between group velocity,
phase velocity, and refractive index

5.1 Group velocity as a function of phase velocity and re-
fractive index

Show that the group velocity v, can be expressed in terms of the phase velocity v and the refractive
index n(w) in the following manner:

1 1 wdn(w)

— = - . 5.1
vy v ¢ dw (5.1)
Solution:
dw 1 dk
e - == 2
YTk T v, dw (5:2)
o= 2290 Y YW
v cv ¢ c
1 d w n(w)  wdn
AT LC
1 1 d
= — = -4+ (5.3)
Vg v cdw

5.2 The group velocity is less than the speed of light in vac-
uum

Given that

n=4]1- ——"— : B>0 (5.4)

show that vy < ¢ when w < wy.
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Solution:

B>0

We substitute this result in (5.3) to obtain

1w Bw

T v en(w?—we?)?
- Buw?

= n+n(w2_w02)2.

side 15

(5.5)

(5.7)

Because B > 0, we see that -~ > n. But when w < wy, it follows from (5.5) that n > 1. Thus, we

g
have ;= > 1 or v, < ¢, which was to be proven.
) ¢
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Chapter 6

Propagation in a dispersive
medium

Consider a polychromatic plane wave that propagates in the z direction in a dispersive medium, so
that

1 e .
u(zt) = o / @(0,w)elF@)z=wt g, (6.1)

It follows from (6.1) that in the plane z =0

1 ~ —iwt
B 2
so that
’EL(O, W) = / U(O, t)ei tdt (63)

where 4(0,w) is the frequency spectrum of the plane wave in the plane z = 0. Let the frequency
spectrum (0, w) have its maximum value at w = wg, and let 4(0,w) fall off rapidly from this value,
so that we may represent k(w) by the first two terms in a Taylor series around wp:

(w — wo). (6.4)

w=wo

6.1 Propagation of a quasi-monochromatic wave

Show that when we neglect terms of higher order than those retained in (6.4), we can express u(z,t)
in (6.1) as follows:

U(Z,t) ~ eiwoz(%*ﬁ)u (0, _i + t> (65)
’Ugo
where
wo dw
— . = 6.6
Vo k(wo) ) Vg0 dk s ( )
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Solution:
By using the information given in the exercise, we may write:

k(w) = k(wo) + (i) (W—wy)=———+— (6.7)
dk

w=wqo

so that

k(w)z — wt ~ wyz (1 - 1) tw (Z - t) (6.8)

Vo Vg0 Vg0

which upon substitution in (6.1) gives:

1 1

, % . .
u(z, t) ~ ew"z(ﬁf o) L / (0, w)eizw(f%ﬂ) dw. (6.9)

2w

— 00

Because of the Fourier transform relation given in (6.2), (6.9) becomes

u(zt) ~ 60 (55 m5) <o, 2y t> . (6.10)
Ug()

6.2 The shape and speed of the wave

Give a physical interpretation of the result in (6.10).
Solution:

vg and vgo are the phase velocity and group velocity, respectively, at angular frequency wy. The
result in (6.10) shows that when %(0,w) has its maximum value at wp and falls off rapidly from its
maximum value of @(0,wp), then, except for a phase factor, u(t) will not change its form, and wu(t)
will propagate at the group velocity.

6.3 Alternative way to proceed

Show that the same result as in (6.10) can be obtained by considering

1 [ 2 p
u(z,t) = %/ (0, w)e' s @ dw (6.11)

— 00
where

ct

flw) =wn(w) — 0] ; 0= (6.12)

z

and expanding f(w) in a Taylor series around wy to the first order, i.e.

fw) = f(wo) + f(wo)(w — wo)- (6.13)
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Solution:
ct
f) = w0 5 e=1
3
flw) = nw)-0+w
= n(w)—0+wn (w) (6.14)
Thus, we have
I (wo) = n(wo) — 0 + won' (wo) (6.15)
so that (6.13) gives
fw) = flwo) + f'(wo)(w — wo)
= wo[n(wo) — O] + [n(wo) — 8 + won' (wo)](w — wo)
= —win/(wo) + wn(wo) — 0 + won'(wo)]- (6.16)
Further, we have:
_dw 1 dbk_ dyw _nw) | w,
U‘q—dk:vg N dw_dw<c (w))— c —|—Cn(w)
L1 o) “0 1 (wo) = — + 0 (). (6.17)
Vg0 c c Vo c
from which we obtain:
) 11
won'(wo) =c¢|— — — i vgo =vg(we) 3 vo = v(wo). (6.18)
Vg0 Vo
By combining (6.16) with (6.18), we get
_ et 1 _ e _1
F@) = Sl - o {0+ Sl - (6.19)
1 1 1 1
= —woc[v—go - U—O] +w {n(wo) -0+ c[@ - Uo]} . (6.20)

By substituting the expression for f(w) in (6.20) into the expression for u(z,t) in (6.11), we get

izwo[ L —-1] 1 R jwzl e et g1 1
u(z,t) = ol u(0,w)e -2l -St g
21 J_ o
o[-l L7 — [~ 525 +1]
= e vo g0 27 U(O,W)@ Vg0 dw. (621)
T J-—0

Finally, we get from (6.21) and 6.2

izwo[ = — -] z
u(z,t) =e o g0y | 0, o +1t). (6.22)
g
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Chapter 7

Polarisation and rotation of
co-ordinate system

7.1 Maximum and minimum values

Show that the ellipse (Eq. (15), page 25 in Born and Wolf [?]):

2 2
%4—%—21&0056:51&6 (7.1)
ai az ay az

has the following maximum and minimum values:

Ymaks = A2 for T = aq cosd

Ymin = —a2 for T = —ajcosd

Tmaks = 01 for Y = as cosd

Tmin = —a1 for Y = —asg cos . (7.2)

Solution:

We consider y as a function of x and define the function F'(z,y(z)) as follows:

2 2
Y €z Yy . 92
F - . F =L 42 927 - ) .
(@, y(x)) =0 (2, y(z)) Py + e a5 a cosd — sin“ ¢ (7.3)
By implicit differentiation (as in chapter 13.7 in [?]) we have:
OF  OF dy dy %
——t+t5 =0 = —=-3F 7.4
ox * Oy dx dx ?TF (7.4)
y
Thus, we get
dx oF
— =0 f =_—=0. 7.5
dy or Y dy (7.5)
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t %—5 = 2%1‘ cosd, implying that z has a maximum or minimum value for

2

Further, we have tha

y = 2w cosd. By substituting this in (7.1), we find that the minimum or maximum value 22 for x
is given by:

2 92 0 0og 812 {“—2:58 cosé}
xCQ e 5 ] _olelm cosd = sin?§ (7.6)
aq a9 aq a9
which gives
.t =y (7.7)
or
Tonaks = @1 for Y = a Ccosd
Tomin = —0G1 for Yy = —asg cos 0. (7.8)

We can find the minimum and maximum values for y by solving (7.1) with respect to 22 and then
differentiating with respect to y and following the same procedure as above. But due to the symmetry
in (7.1) with respect to the exchange of x and y as well as of a1 and as, we obtain the desired result
by making these exchanges in the result given above:

Ymaks = G2 for x ::a10055
Ymin = —02 for T = —aj cos 0.
(7.9)
7.2 Rotation of co-ordinate system
Show that by rotating the co-ordinate system an angle ¥, so that
x=E&cosV¥ —nsin¥ ; y=2E&sin¥ + ncos ¥ (7.10)

the coeflicients in front of the £n term in the equation obtained from (7.1) as a result of this rotation
will disappear if U satisfies the relation

tan(2¥) = tan(2a) cosd ; tana = 2. (7.11)
ai

Solution:

We write (7.1) in the form:

a2 4+ a1 %y? — 2a1a92y cos b = a12as? sin? 6. (7.12)

By letting

x=~&EcosV¥ —nsin¥ ; y==E&sinW 4+ ncos W (7.13)

we get
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Yi
n
3
U] X
Figure 7.1: Co-ordinate system rotated an angle .
a’x? = as?[€? cos® U + n?sin? U — 2€nsin W cos U]
a’y? = ar’[€?sin? U + % cos® U 4 2£nsin U cos V]
—2a1a9xycosd = —2ajascosd[(€2 —n?)sinWcos ¥ + £n(cos® U — sin? U)].

(7.14)

By substituting (7.14) into (7.12), we see that the coefficients in front of the cross term will disappear
provided

(a1? — a?)2sin Wecos ¥ —  2ajagcosd(cos® U — sin® ¥) = 0
U
(a2 — a®)sin(2¥) — 2aiapcosdcos(2¥) = 0. (7.15)
This gives:
2a1a2 coS 0
tan(2V¥) = ——-. 7.16
an(21) = 22 (7.16)
We now introduce tan « = as/aq, so that
2t 22 2
tan(2a) = —n 0 = Ta 2082 (7.17)

2 az\2 2 2
1 —tan’a 1_(E) a1? — as

Thus, we have

tan(2¥) = tan(2«) cos 4. (7.18)
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7.3 Simplification of the expression for the ellipse

Show that in (&, 7n) co-ordinates (7.1) can be written as follows:

b2 + a*n? = a*b? (7.19)
where
a®> = a3?sin® U + a1 cos® U + 2a1as cos d sin ¥ cos ¥
B2 = as?cos® U + a12sin® U — 2a1a5 cosdsin ¥ cos U. (7.20)
Solution:

By substituting (7.14) into (7.12) and choosing ¥ such that the cross term disappears, we obtain:

52[(122 cos? U + a12sin® ¥ — 2a1as cos d sin ¥ cos U]

+ 772[@22 sin? U + a12 cos? U + 2a1as cos d sin ¥ cos U]

= ai2as?sin? 6. (7.21)
Thus, we have
V€2 + a’*n? = ar%ay?sin®§ (7.22)
where
B2 = as?cos® U + a12sin® U — 2a1a5 cos dsin ¥ cos ¥
a’> = a9?sin® ¥ + a1 cos® ¥ + 2a1as cosdsin ¥ cos U, (7.23)
It remains to show that a2b? = a;2as? sin? 4. By use of the formulas

1 20 1- 20
cos? ¥ = 1+ cos(20) ; sin? ¥ = 1= cos(20) (7.24)
2 2
we get
20% = ap?(1 + cos(2V)) + a1 %(1 — cos(2¥)) — 2aay cos § sin(2V) (7.25)
which gives
2 Llro o
b° = §[a1 + a3 + 4] (7.26)
where
A = (ap? — a1?) cos(2¥) — 2a,as cos § sin(2F). (7.27)
Similarly, we find that
2 Lo o
a® = —[af + a3 — 4] (7.28)

[\
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so that
IV 1T 212 2
a“b :1[(a1+a2) — A7)

From Exercise 7.1 we have

2a1as cos
tan(2¥) = ————
an(20) R
which gives
2 1)
sin(2V¥) = 20142 2059 cos(20)

75 ;

where

_ 41— a4y

S

B = (a1* — as?)? + (2a1a3 cos §)>.

By substituting (7.31) into (7.27), we obtain

CL12 — a22
—_— — 2a1a2 cos 0

VB
_ VB

which upon substitution in (7.29) gives:

1
a2b2 = Z[(a12 + (122)2 - B]

= 1[(al2 +a2%)? — (a1 — a2?)? — (2a1a2 cos 6)?]

4
1
= Z[4a12a22(1 — cos®0)]

= a2ay?sin? 6.
Substitution of this result in (7.22) gives:
b2£2 4 a2n2 _ a2b2

where a? and b? are given in (7.23).

2aias cos

VB

side 23

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)
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Chapter 8

Phase velocity and group velocity
for surface waves on water

The propagation of linear, harmonic surface waves in water of constant depth is governed by the
equations

Vo(z,y,2) =0 ; d<y<0 (8.1)

o)+ gD gy 52)
0p(x,y,2) . o

—5, =0 ; y=—d (8.3)

(s 2) = ~0(2,0.2). (8.4)

The symbols in the equations above have the following meaning:

e w=2n/T; T is the period,
e d = water depth,

e ¢ = velocity potential,

nx.z)

y=0 x eller z

=d

Figure 8.1: Surface waves
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e g = acceleration of gravity, and

e 1) = displacement of the water surface from the position y = 0, which is its position at rest.

The velocity v of a water "particle” is given as

v =yé (8.5)

8.1 Separation of variables

Use separation of variables to find the solution of (8.1). Thus, express ¢ as a product

¢ = Aly)B(z, 2) (8.6)

where A only depends on y and B only depends on z and z, and show by substitution into (8.1)
that

9 A(y) _
7y " KA(y) = 0 (8.7)
<(,i:2 + % + k2> B(z,z) = 0 (8.8)

where k? is a separation constant.

Solution:

0?2 02 02
2 f— R PR P
02 0? 02
= A(y) [aﬁ + ay2:| B(z, z) + 3(37,2)871214(9) =0
1 92A(y) o[ o ,
—_— = — —_— —_— B == .
Ay) 0y? B(z, z) [8x2 * 3y2] (w.2) =k (89)

where k? (the separation constant) must be a constant because the left-hand side of the equation
depends on y only, while the right-hand side depends on x and z. Thus, both sides must be equal
to the same constant, which we here have denoted by k2. Equation (8.9) gives the following two
equations:

(5~ FAW) = 0 (810)
(a—2 + o +k%)B(z,z) = 0. (8.11)
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8.2 Dispersion relation

Show that

A(y) = Ccoshlk(y +d)] ; C = constant (8.12)

satisfies (8.3) and (8.10). Substitute this solution into (8.2) and show that the dispersion relation,
i.e. the relation between w and k is as follows:

w? = gk tanh(kd). (8.13)

Solution:

First we show that A(y) satisfies (8.10). From (8.6) we have for ¢:

o = AWy)B,2) = Ccoshlk(y +d)] - B(x,2)

0
= a—j = Csinh[k(y + d)|B(z, 2)|y=—q =0 (8.14)
which was to be proven.
The general solution of (8.10) is
Aly) = CreM 4 Che ™. (8.15)
By choosing
Lo kd L —ka
Ciy = 506 og Cy= 506 (8.16)
we get
1
Ay) = 50 (ek(d+y) + e_k(d+y)> = C cosh[k(y + d). (8.17)

Since A” (y) = k?A(y), which follows by differentiating the expression above twice, we see that (8.10)
is satisfied. By substitution of the expression for ¢ above into (8.2), we get

[~w?B(x, z) - cosh[k(y + d)] + gB(z, z) - Cksinh[k(y + d)]]| 0 (8.18)

y=0

which gives

—w? cosh(kd) + gk sinh(kd) = 0 (8.19)

or

w? = gk tanh(kd). (8.20)
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8.3 Phase velocity and group velocity

Find the phase velocity and the group velocity.
Solution:

Phase velocity:

w 1\/7
Vo= LTy gk tanh(kd)

= U=y %tanh(kd). (8.21)

We obtain an alternative expression by writing

b - Y w? _ gktanh(kd)
ok owk wk
_ gtanh(kd)
N w
9T tanh(kd)
= —— - 8.22
5 (8.22)
Differentiating (8.20), we get
dw 1
2w— = g |tanh(kd) + k————d 8.23
“Yak ~ Y [ nh(kd) cosh? (kd) } (8.23)
which gives the group velocity
dv 1g kd
= — = —= |tanh(kd) + ——| . 8.24
YT T 2w { nh(kd) coshQ(kd)] (8.24)

8.4 The phase velocity of surface waves in water of infinite
depth

Show that when the water depth increases, so that kd — oo, then the phase velocity approaches the
following limiting value

v — vy = %T (8.25)

whereas the group velocity approaches the limiting value

1
Vg — Vg0 = 5’()(). (826)

Solution:

When kd — oo, we have
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lim tanh(kd) =1
kd— oo
kd

lim ————=0
kd—oo cosh”(kd)
so that we get

V=1 i = g
ko w

_ 1lg 1
Vg = Vg0 5; 5’00.

Since w = <&

T , we get vy = g ~T, which was to be proven.

side 28

(8.27)

(8.28)

(8.29)

(8.30)

8.5 The phase velocity of surface waves in water of finite
depth

Show that v, < v also when the depth is finite
Solution:

From (8.24) we have

g kd lg kd
vy = == [tanh(kd) + —5——— —=tanh(kd) |1+
g cosh?(kd) 2w Z;I;?l((i’;)) cosh? (kd)
lg 2kd
—=tanh(kd)[1 .
2w 0 (k)[1 + 2sinh(kd) cosh(kd)
Since [cf. (8.20)]
, 2
=5 tanh(kd)
we have
9 tanh(kd) = 9 tanh(kd) = v,
w Cwk Cw/k
Also, 2sinh(z) cosh(z) = sinh(2x), so that we get
1 1
vgzév 1+ Smh(m)] ;o x=2kd
Since sinh(z)/x > 1, as shown below
sinh(z) 1 = 22"t
oz Z(2n+ +Z 2n+1

we find that v, < v, which was to be proven

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)
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8.6 The refractive index

The refractive index for water waves is defined as

Vo
n=—

: (8.36)

where vy is the phase velocity in water of infinite depth given by (8.30). Note the similarity with
light waves, in which case vy corresponds to the speed of light in vacuum. Show that n can be
expressed as

n = coth(nkod) (8.37)
where
w W 4n?
kp=—=—=—. .
"Tuw g T (539
(Hint: Use that k= % = 222 = kon.)
Determine n numerically for 7= 12 s and d = 100 m and for 7" = 12 s and d = 25 m.
Solution:
r
Vo 0
n=—=————. 8.39
v /i tanhkd (8:39)
With k& = kgn we get
2 ki n
" T Ztanhkd _ tanh(nkod) (8.40)
or
n = coth(nkod) (8.41)

which was to be proven.

To determine n numerically from the transcendental equation in (8.41), we let x = n and a = kod,
so that (8.41) becomes

X

g(x) = ¢ — coth(ax) = Mf(x) =0 (8.42)
which implies that
f(z) = tanh(ax) — % =0. (8.43)

We may use Newton’s iterative method, illustrated in Fig. 8.2, to solve (8.43). Starting with

x = x1, we see from Fig. 8.2 that

far) = (8.44)

or
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Figure 8.2: Newton’s method

f(x1)
— 8.45
R I/ (1) ( )
so that the iterative solution becomes
f(z;) ;o 1=1,2,3,---. (8.46)

PR )
J

The starting value z; we can find by sampling f(z) to determine when the function changes sign.
In the present case we obtain by differentiating the expression for f(z)

flle)= —o—+ % (8.47)

cosh?(az) =

Numerically determined values for n:

T=12s d=100m — n=1.00721
T=12s d=25m — n=1.3547. (8.48)

8.7 The wavelength in water of infinite depth

Find an expression for the wavelength \g in deep water for a harmonic plane surface wave with
period T'. Determine \g when 7' = 10 s and 7" = 15 s.

Solution:

Using ko = i—: and (8.38), we get

LN CU.0 N W (8.49)
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1 m
T=1 =_——.981— -100s®> =1 )
0s = Ao 533 9.8 = 00s 56m (8.50)
1 m
T=1 Ao = —— - 9.81— - 22552 = 351.3m. 51
55 = Ao 553 9882 5s% = 351.3m (8.51)

8.8 The wavelength in water of finite depth

Determine the wavelength A for the wave in water of constant depth d expressed in terms of \g, d,
and the refractive index n. Compute A for 7= 12 s and d = 100 m and for 7' = 12 s and d = 25 m.

Solution:

A A
A=20 = 0

—_—. 8.52
n coth(zz{—zd) (8.52)

For T'=12 s and d = 100 m, we have that n = 1.00721, so that

X ¢gT?  9.81-(12)? 224.83
A=—=0—= = = 223.22 .
n T omn 628100721 Lootal  22322m (8.53)

and for T'=12 s and d = 25 m, we have n = 1.3547, and hence

X  gT?  9.81-(12)2  224.83
A=22=2 = = = 165.96 m. 8.54
n  27mn 6.28-1.3547  1.3547 m (8:54)

8.9 Refraction of waves that propagate towards a beach

A plane wave with a period T' = 12 s propagates from infinitely deep water towards an area with a
constant finite depth of d = 25 m. The angle of incidence 6" (see Fig. 8.3) is 30°. Use Snell’s law
for water waves (nj sin 6° = ny sin §?) to determine the angle of refraction 6.

Solution:

For T'=12 s and d = 25 m, we have n = 1.3547, and hence

sin@’  sin30°
ing* = = =0.369 = 0" = 21.66°. 8.55
o ny  1.3547 (8.55)
This change of direction explains why a wave that travels towards a beach — irrespective of its
direction of incidence — changes its direction such that the wave crest finally becomes parallel to the

beach.
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nFl

=00

d=25m

Figure 8.3: Vertical view.

Figure 8.4: Horisontal view.
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Chapter 9

Fresnel’s formulas

9.1 Rewriting of Fresnel’s formulas

Use Snell’s law to show that the Fresnel formulas for reflection and transmission

ng cos 0® — ny cos O*

i
7™M _ 2nq cosd _ RTM _
ng cos 6 + ny cos Ot ' ng cos 6 + ny cos Ot
TTE _ 2n1 cos 6 _ RTE_ M cos " — ng cos 6 (9.1)
ny cos % 4+ nq cos Gt k nq cos 0% 4+ ng cos Gt

can be expressed as follows:

TTM _ 2sin 0% cos 6 _ RTM _ tan(0® — 0")
~ sin(#¢ + 0%) cos(Hi — Y) ’ ~ tan(fi + 0Y)
g 2sinf’ cos o’ ; RTE _ sin(#® — 6%) 9.2)

 sin(6f + 67) T sin(0 64

Solution:
We start by considering the expression for T7™ | and we use Snell’s law n; sin §° = ng sin #* to rewrite

it as follows

2n4 cos 6*

ng cos 0% 4 nq cos Ot

2n4 sin 6 cos 0°
ng sin 6% cos 6% + nq sin 0 cos O*

2n4 sin O cos 6°
ng sin 0% cos 6% + ny sin Ot cos Ot

2sin 67 cos 6? 03

sin 0 cos 0% 4 sin 0 cos Ot (9:3)

TT M

Next, we show that sinx cosz % siny cosy = sin(z £ y) cos(z F y):
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sin(z £y)cos(zx Fy) = (sinzcosy = coszsiny)(coszcosy £ sinxsiny)
sin z cos x(cos? y + sin? y) = siny cos y(sin’x + cos? )

= sinxcosx £sinycosy.

(9.4)
Using (9.4), we may rewrite (9.2) as follows
2sin 0 cos 6*
™ — , : : 9.5
sin(0* + 6%) cos(6* — 0%) (9:5)
For the refelction coefficient for T'M waves we have
pTM _ T2 cosf’ —nycosft cos 0" — cos §'
" ngcosfi 4+ ngcosft :—f cos 0% + cos 6t
_ & gi cos#' —cosf"  sinf’cos@® — sin 6" cos 6
B % cos b + cos@t  sin @i cos B + sin Ot cos 6
~ sin(#" — 0") cos(0" + 0*) (9.6)
~ sin(@ + 0%) cos(0 — 6t) '
where we have used (9.4) in the final step. Thus, we have
tan(9® — 0
grv ' =6 (9.7)

~ tan(0' + 01)

For the transmission coefficient for T E waves we have

TTE 2n; cos 0 2 cos 6

ny cos 0’ + nycosft  cosfi - ;:ﬁ g: cos 0t
2sin 6t cos 6’

sin 6t cos 0% 4 cos Ot sin 6°

2 sin 0 cos 6°

TE = T .
= sin(07 + 6% ©8)

For the reflection coefficient for TE waves we have

i

% t i __ sin@ t
pTE _ M cos 0® —ng cosf _ cos ' — Zhor cos 6
nycosf’ +nacosf  cos@i + Sn Z: cos 6

sin 0% cos % — sin 6 cos 6?

sin 6% cos 0% + sin i cosft
sin(#* — 6%)

sin(f7 + 61)

= RTF (9.9)
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9.2 The sign of the reflection and transmission coefficients

Provided that 6 and 6* are real angles, determine under what circumstances T7™, RTM TTE and

RTF are positive and negative. What physical interpretation do we associate with negative values?
Solution:

We assume 0% og 0! are real agles and that 0 < 0t < 7;0< 9_t < 5. Then 0 < 0" +6* < 7 and hence
sin(6® 4+ 0%) > 0. Further, we have that cos(6* — 0%) = cos #° cos § + sin 6 sin #* > 0, and therefore
TTM og TTE are always positive. To analyse the the reflection coefficients we first assume that

ne>ny or 0 >0 = RTF <0
If 640 < g we have : R™ >0
andif 6'4+6'>2 RV <,
(9.10)
Next, we assume that
ne<mng or 6O <@ = R'EF>)
If 6040 < g we have : RT™™ <0
andif  6'46'>Z o R™ >0,
(9.11)

A negative value for a reflection coefficient implies that there is a phase change of m between the
incident and the reflected wave.
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Chapter 10

Reflectivity and transmissivity

10.1 Energy conservation for T'F/ and T'M components

From the formulas for the reflectivities and the transmissivities, given by

JTM _ sin 26° sin 26° _ RTM _ w
Tl 0o ) = (674 07)
T = w ;o RTP = fw (10.1)
sin” (6% + 6%) sin” (6 + %)
show that
TTM | RTM _ : TTE | RTE _ 1. (10.2)
Solution:
RTM tan?(0° — %)  sin®(0" — 0%) cos?(0" + 07)
N tanQ(ﬁi +6)  sin? (07 + 6) cos2(6° — 6Y)
TTM  _ sin 26* sin 26*

sin?(0¢ + %) cos2(0¢ — 6t)
L RTM | pTM  _ sin 26" Sirll 229t + sin? (67 — 6’5.) cos?(0' + 9’5). (103)
sin® (6% + %) cos2 (6" — 6*)

Thus, we have

RITM L 7TM — 1 4 % (10.4)

where

N = sin26’sin20' + A—D
A = sin?(0° — 0") cos?(0° + 6")
D = sin?(0" + 0") cos? (0" — 0"). (10.5)
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Next, we use the formula sinz cos x £ siny cosy = sin(z + y) cos(xz F y) to obtain

A = sin?(0' — 0") cos?(0° + 0") = (sin @’ cos 6" — sin H* cos 6")?
D = sin?(0° + 6" cos? (' — 0") = (sin @’ cos § + sin B’ cos H?)?
= A—-D = —4sinf'cosh’sind’ cosf’ = — sin 26" sin 26" (10.6)

which shows that N = 0, and hence that

T L RTM =1 (10.7)

which was to be proven. For T'F polarisation we have

e sin®(0" — 0"
 sin?(07 + 0Y)
_ sin 26" sin 26’

TE = 10.8
sin?(0¢ + 6t) (108)
N
RTE L 7TP =1 ¢ ) (10.9)
where in this case
N = sin20'sin20' + A—D
A = sin?(0' — 0') = (sin 0’ cos O — sin H* cos 6)?
D = sin?(0° +6") = (sin 6’ cosH" + sin @ cos #°)?
=A-D = —4sinf cosf'sinb’ cosh’ = —sin26"sin 26" (10.10)
This shows that N = 0, and hence that
TTE L RTE =1 (10.11)
which was to be proven.
10.2 Energy conservation
Show that
T+R=1 (10.12)
where
R = R™ cos?a’ + RTFsin? o
T = T™cos?a’ + T sin? o, (10.13)
Solution:

It follows from (10.13) that
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but since

and

we get

R+T = (RTM + TTM) cos?al + (RTE + TTE)sin% of

TTM +RTM =1

TTE +RTE =1

R+T =cos?a’ +sin?a’ = 1.
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(10.14)

(10.15)

(10.16)

(10.17)



PHYS 263

Chapter 11

Total reflection 1

side 39

Consider a harmonic, plane wave that is incident upon a plane interface under an angle of incidence
0" that is greater than the critical angle 6°¢, so that we have total reflection. The components of the

electric field are then given by (see section 9.3.5 of [?]):

E; — TTMETMioegt  ilker—wt) o —lkz2|2
qu — TTEETEi ez(kzszt)ef|kz2‘z
Ei - _ 511;110‘ TTJVIETMZ' ez(kmszt)ef|kz2‘z
where
. i lw . ng
ky = k1sinf* = ——sinf ;o o n=—x<1
n vy ni

koo =kycost ;  cosf' = %m
11.1 Transmitted magnetic field

Show from Maxwell’s equation (with py = pg = 1)

1 -
vxE'=-—-H
&

that the transmitted magnetic field H® has the following components:

Hi = —ns5Cos etTTEETEi ei(kmszt)ef|kz2|z

ot = nzTTMETIVIi eilkaz—wt) —|kza|z
Yy

H; _ nq sin 9iTTE RTE: ez(kwacfwt)eflkzﬂz'

Solution: First we determine H' from Maxwell’s equation

1
vxE'=-—-H
C

(11.1)

(11.2)

(11.3)

(11.4)

(11.5)
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K k

6 :Gi

i n<n

Figure 11.1: Refraction near the critical angle of total reflection.

which with a time variation of e~** gives:
1
H = — o xE ; k=2
ikg c
Since
E! Eéei(k r—wt)
we get
v x Ef =ik x E
so that
1
H'= —k' x E".
ko
For the z component of H' we have:
1 .
t_ t N o wi gl Et
H = k—o(k,;Ey —kyE,) =nysinf'E,

since k, = 0 and k; = k; sin 0% = nykosin6*. Thus, we have
TTEETEiei(kwa:fwt)ef\kzg \z.

H! =nysin§’

For the y component we have:

side 40

(11.6)

(11.7)

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)
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Since k - E = 0, and hence

E! = P E!
we get
ot — 1 (ks Bt — kB = 1 (k:zQEt n kaEt) _ 1 (k22+km2) gt — 2
Y ko ’ ko Tk T kok.o * % T kok.o
_ k3 TM ETMi (o gteilkna—wt) o= lkale _ p pTM pTMi gilko—wt) o~ k2l
ko cos Ot kg

For the x component we have

1 ko
t _ t ty 22t
H = k—o(kyEz —knE)) =— "o E,
since k, = 0. Thus, we get
H! = —nycos GtE; = —ny cos O1TTE ETF gilkez—wt) o—|kzalz

11.2 Transmitted Poynting vector

Show that the Poynting vector of the transmitted field
c
St — 7Et Ht
4 %
has the following components:
St = 16%”1 gin fie—24 {(ETE? [(TTE)2621‘¢ + ((TTE)*)2e—2i0 4 2|TTE|2]
+(ET]v1i)2 [(TTM)262i¢ + ((TTM)*)26722‘¢ + 2|TTM|2]}

Sy = nusinglePABTMIETE G {TTM [1TF))
™
St = —8£n2\ cos 0'|e 24 {(ETMi)2 S { [TTEei¢]2} 4 (ETF)? g { [TTMei¢]2}}
s

z

where

A=lkplz ; ¢=kyx—wt.

ko
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(11.13)

t

(11.14)

(11.15)

(11.16)

(11.17)

(11.18)
(11.19)

(11.20)

(11.21)

Solution: Since the Poynting vector is given as the vectorial product of E and B, we must use real

quantities. Thus, we express the electric field components as follows

. 1 X .
E! = ETMig=A 3 [TTM cos '™ + (TT™ cos ') e~ "]
. 1 ) .
Ef/ — ETEze—A 5 [TTEeuﬁ 4 (TTE)*e—qu]
Y . 1 ) .
Eﬁ — _511;10 ETMze—A 5 [TTMez¢ + (TTM)*e—M)] ]

(11.22)
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Similarly, we express the magnetic field components as:

H =  —naETFieA % [T7F cos bt + (TTF cos 6) =]
H' = ng ETMig—A % [TTM % 1 (TTMyx=i9]
H! = nysin@?ETFie=A % [TTEe 4 (TTF) e ]
where
A=lkplz ;¢ =kyz—wt.
Since cos 0 is purely imaginary, (cos§%)* = — cos 0!, so that we have
El = ETMig=A cos gt % [TTM i — (TTM yxo=i4]
B = ETEi A % [TTEe 1 (TTE)y*e=i4]
Ei _ _sinTGiETMiefA % [TTMeiqﬁ + (TTM)*(Z‘(p]
and
H! = —nyETFie=4 cos % [TTEe — (TTF)*e~1?]
H! = ny ETMig—A % [TTMeié 4 (TTMyse=i4]
H! = nysing; ETFie~4 % [TTEeid’ + (TTE)*efi(z’] .

The components S%, S!, and S¢ of the Poynting vector are given by:

Yy

St = By H! - BLH])
7
Sy = ——[BLH, - ELH]
7
t _ Corptpgpt ¢yt
St = |ELH, — EjH].

Substitution from (11.25) and (11.26) into (11.27) gives
S; _ ﬁe—mnl sin 6 {(ETEi)z [TTEeiqb + (TTE)*efw]?
+(ETMi)2 [TTMei¢ + (TTM)*e—i¢]2}

St C 24
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(11.23)

(11.24)

(11.25)

(11.26)

(11.27)

(11.28)

ny sin 0 cos 9t ETE TMi {[TTM i 4 (TTM)*e=i¢] [TTEei¢ — (TTE)*e=i4]

_ [TTMeiqb _ (TTM)*e—iﬂ [TTEei¢ + (TTE)*e—iﬂ}

Carrying out the multiplications, we get

~24, cos O {(ETMiy2 [TTMeigb _ (TTM)*e—w] [TTMei¢ + (TTM)*e—iﬂ

_(ETEi)2 [TTEei¢ + (TTE)*e—izﬂ [TTEei¢ _ (TTE)*e—zkﬂ }

(11.29)

(11.30)
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S; _ cnll(sil‘:w 672A {(ETEi)2 [(TTE)2€2i¢ + ((TTE)*)2€72i¢ + 2|TTE|2]
_|_(ETZVH)2 [(TTM)QeQM) 4 ((TTM)*)26—21'¢ + 2|TTM|2]}

S; _ cm singtz: cosf' ,—24 [TMipTEi [(TTM)*TTE _ TTM(TTE)*]

Si _ cnzlg;s 0t 672A {(ETJVIi)Z [(TTM)2621’¢ _ ((TTM)*)Qe—%(ﬂ

_|_(ETE'2')2 [(TTE)Qe%b _ ((TTE)*)2€721'¢] }
(11.31)
This expression for S¢ is equal to the one given in (11.18). To show that the expressions for Sé

and S! given above are equal to those given in (11.19) and (11.20), respectively, we note that
cos 0! = i| cos 0! and use the relation i(z — 2*) = —Sz, which is valid for any arbitrary number z.

11.3 Time average of the Poynting vector

Show that the time-average of the z component of the Poynting vector vanishes, i.e.
< St >=0, (11.32)

and that the time-averages of the x and y components are given by:

<sts = Cnlgsineie_zA{|TTE|2(ETEi>2_,’_ TTM (BT EN2)
us
in g , .
- —%e’zﬂcos@t\ETM’ETElS{(TTM)*TTE}. (11.33)
m

What is the physical explanation of this result? (Time averaging implies integration over an interval

T’ that is much larger than the period T' = %’r, ie. <8 >= 21T, ff;, S’dt, where T' >> T.)

Solution: Because

I oE2it gy _ sin(2wT”) , T

| . ) (11.34)

terms in (11.31) that include e*2!® will disappear on time averaging over an interval such that
T’ >> T. Thus, we have

<S> =0
cnysinf? _ ; i
< S; P = e 2A((ETE )2|TTE|2 + (ETM )2|TTM|2)
<sh> = CHERTICRT] Sin 07| €08 01} s pirass iy (MY Ty, (11.35)

A7

This means that the time average of the energy flux is zero in the z direction. The energy propagates
in directions parallel to the interface and in the plane of incidence as long as the polarisation is either
normal to the plane of incidence (ETM? = 0) or parallel to the plane of incidence (E7®? = 0). But
in general we have < S}, ># 0.
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Chapter 12

Fresnel’s rhomb

Fig. 12.1 shows a Fresnel’s rhomb, which can be used to produce circularly polarised light from
linearly polarised light or vice versa. The required phase difference of § = 90° can be obtained
through two successive total reflections, each introducing a phase difference of 45°. For a single
total reflection the phase difference § is given by the fomula

8  cos@iy/sin? @ — n2
tan & = ey (12.1)

where 0 is the angle of incidence and n = Z—f <1.

12.1 Solution for sin #'.

Solve (12.1) with respect to sin#?, and show that

n?+1+ \/(n2 +1)2 — 4n2(1 + tan® 9)
2(tan?$ + 1)

sin @' = (12.2)

Solution: From (12.1 we get
-4 i 2 0 2 i 2 ni 2
sin® 0* tan 5 = (1 —sin® 6*)(sin® 6* — n~)

, S ,
=0 = sin?#(tan? 3 +1) = (n? +1)sin? 0" + n?

line@rpolarisert lys

n<n,

sirkul@rpolarisert lys

Figure 12.1: Fresnel’s rhomb
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n? 4+ 14/ (n2 4 1)2 — dn2(1 + tan? §)
2(tan? % +1)

= sin?9' =

, n2+1:|:\/(n2+1)2—4n2(1+tan2 )
=sinf = 75 . (12.3)
2(tan® § + 1)

12.2 Phase difference of 45°, n = 1/1.52 = 0.6579

For ng; = 1 = 1.52 determine those angles of incidence which give a phase difference of 45°.

n

Solution: When njs = % = 1.52 and g = 22.5°, we get by substitution into (12.3):

sinft =0.81371 = 0t =55.45752°
sinf” =0.73790 = 0~ = 47.55312°. (12.4)

12.3 Phase difference of 45°, n = 1/1.49 = 0.6711

Repeat the task in exercise 12.2 for ng; = 1.49, and explain the result.

Solution: For ny; = 1.49 the expression inside the square root in (12.3) becomes negative. This
means that in order to obtain a phase difference of 45° in one single total reflection, ny; must be
larger than 1.49.

12.4 Maximum phase difference

Show from (12.1) that ¢ has a maximum value §,, for §° = '™ given by

. 2n?
2 pim
sin® 0" = T2 (12.5)
and that d,, is given by:
Om 1—n?
tan — = . 12.6
M on (12.6)

Solution: From (12.1) we see that § = 0 when 6° = 0% (critical angle of incidence) and 6" = 7/2
(grazing incidence). Between tese two angles there is an angle of incidence #° = §"™ which gives a
maximum phase difference of § = §,,, where §,, is determined by

dé

— =0. 12.7
do" | gi_gim (12.7)
Since § = 2arctan[tan($)], we have from (12.7)
do 2 d )
= —5—(tan-) = 0. 12.8
db; 1+tan2gd9i(an2) (12.8)
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This means that

d ) d | cos@iy/sin 0 — n2
ag ) =0 = [ sin? g ] -

sin? 0/[— sin 6 /(...) + cos 91%\/3?01} —cos0%4/(...)2sin 6 cos 0°

= — = 0.
sin® 6°
(12.9)
We multiply the last result by v/sin? #? — n2sin® 6% to obtain
—sin? 0% (sin? 0" — n?) + sin? 0° cos? O — 2 cos? O (sin® 0° —n?) = 0
\
—(sin” 0" + cos? 0") (sin® " — n?) + sin® 0 cos? 0" — cos? @' (sin® §' —n?) = 0
(
I
—sin? 0" + n? 4+ n?(1 —sin’?0") = 0
\
2n% — (1 +n?)sin? 0’ =0
(12.10)
so that 5751_ gi_gim = 0 gives:
; 2n?
2 nim
sin® '™ = T2
; 2n? 1—n?
2 pim
P =1-——=——. 12.11
cos TR g ( )
By substitution of this result into (12.1), we get
b VT 12
tan 27 — nybe 1T (12.12)
2 1+ n2 12J:Ln2 2n

12.5 Phase differences of 45° and 90°

What minimum value of niy = % is required to obtain a phase difference of

1. 90° or
2. 45°7
Solution: From Exercise (12.4) we have that tang < tan 57 = 1;:;27 from wich it follows that:

)
n? +2ntan§ -1

IN <= IA
o

§ )
(n? + tan 5)2 1 + tan? 3
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I
/ 1) 1)
n < 1+ta112§ftan§
U
1 1
nNig = — > . (12.13)
n \/1+tan2gftan%
1. § =90° = g = 45° and tan% =1 so that
1
oz e = V241 =24142. (12.14)
_1
2.0 =45° = g = 22.5° and tang = 1;%‘”;‘5 = 15/\5@ = /2 — 1, so that
1 1
N9l > = 1.4966. (12.15)

T+ (V12— (V2—1) 1-v2+ -3

This result agrees with our finding in Exercise 12.3 showing that the expression inside the square
root in (12.1) becomes negative for nio = 1.49.
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Chapter 13

Total reflection 2

Consider reflection and refraction of a plane wave at a plane interface between two media, and let
ng < ny, as illustrated in Fig. 13.1. From Snell’s law

ny sin @ = ny sin 6 (13.1)
or ,
i
singt = 227 =12 oy (13.2)
n ny

it follows that when 6° > 0%, where sin #*° = n, then sin #* > 1. Thus, 6" must be a complex number.
Show that 6¢ = o + i3, where

b0l 3

n n

. 1/ . 74 2
5 = sinf® (Sln@) 1l (13.3)

Solution: We start with

Y
01
cosft = /1 —sin20t = /1 — S”:lg . (13.4)

Since n < sin#* when 6° > 0, we have

N 2
cos@t =iAd ; A= (Sme) ~1. (13.5)

n
Further, we have cos 6* = cos(a + i) = cos acos(i3) — sin asin(i(3), and since

¢ilif) 4 =iliB) ¢8| ¢f

cos(iff) = 5 = B = cosh(f)
i(iB) _ o—i(iB) =B _ P
sin(if) = = c =S % — isinh(B) (13.6)
2 2
we get
1A = cosacosh # — isin asinh 8 (13.7)
and hence
cosacoshfp = 0 (13.8)

—sinasinhff = A. (13.9)
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K

Figure 13.1: Refraction close to the critical angle.
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Since cosh 8 # 0, we have from (13.8) that cosa = 0, or that a = 7, implying that (13.9) gives:

1
sinh 8 = §(€ﬂ )

28 12468 —1

5 —2A+\AAZ 14
€ =

«—

=

—A

—A+ A%+ 1.

Since e? > 0, the lower sign must be disregarded, so that we have

¢

6 =

4

6 =

! = VJAZ41-A

In {\/AZ T1- A}

In

sin 91

n

(13.10)

(13.11)
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Chapter 14

Reflection and refraction of a plane
acoustical wave

Consider two media that are separated by a plane interface and that have densities p; and ps and
sound velocities v; and vy. In linear acoustics the sound pressure p(r,t) is the solution of the wave
equation

, 1 9?
(V- Ujﬁ)i”(r,t) =0. (14.1)
Therefore, a plane time-harmonic acoustical wave can be expressed as follows
p(r,t) = Re{p(r)e 't} (14.2)
where
p(r) = poe’K T (14.3)

Here the amplitude py is a constant. A plane harmonic pressure wave is incident upon a plane
interface as illustrated in Fig. 14.1. The incident wave p*(r) is given by

pir) =phe KT K =kis, + k.. (14.4)

The incident wave gives rise to a reflected plane wave and a transmitted plane wave of the same
frequency, i.e.

pret) = Refp'(r)e )
pr(r) = pgeikr'r : k" =kle, + k;éy +kle,
p'(r.t) = Re{p'(r)e ™)
pir) = phe® T K = ke, + ke, + ke, (14.5)
The particle velocity v is given by:
v = Re{vi(r)e "t} (14.6)
where )
d(p) — a . -
v (I’) - z'wpq \YA'4 ) (q =1,T, t) (147)

with p! = p" = p; and p* = ps.

The boundary conditions that must be satisfied at the interface z = 0, are that the pressure p and
the component of the particle velocity normal to the interface, i.e. v - €,, both must be continuous
across the interface, i.e.

P +p -1, = 0
(Vi + v =) éz]Z:O = 0. (14.8)



PHYS 263 side 52

P, M . V2

Figure 14.1: Incident, reflected, and transmitted wave.

14.1 Snell’s law and the reflection law

Derive Snell’s law and the reflection law.

Solution: For the boundary conditions in (14.8) to be valid the phase of the different terms must
be equal, i.e. ‘
[ik"-r] _, = [ik"-r],_y= [ik" - 1] —0 (14.9)

or

kixé, = kjre, + kjye, = klre, + klyeé,. (14.10)
Because the condition in (14.10) must be satisfied for all values of x and y, we must have that
ki = k% =0, and hence that k% = kI = k!. Thus, k', k", and k' must lie in the same plane (the
plane of incidence), and the projection of k? onto the interface must be the same for ¢ =i, ¢ = r,
and ¢ =t.

Reflection law: ' _
ky =kl =60"=6". (14.11)

Snell’s law: _
ki = k! = kisin6; = kysinf; = nj sin; = nysin ;. (14.12)

14.2 Reflection and transmission coefficients

Determine the reflection coefficient

rR="0 (14.13)
Do
and the transmission coefficient .
=2 (14.14)
Py
Solution: The wave vectors are given by:
k' = ke, +ke =kie, + k. e,
k" = klé,+klée =klé, —k. e,

k' = ke, +kle. =kle, + k8. (14.15)
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By use of the result from Exercise 14.1 we have

'+ —p'],_,=0 = ph+ps—p5=0 (14.16)
; . 1 [k, k.o
7 Tt 8, — 0 = - z R + _ O
[(V +v v ) e ]z:(] iw p1 (pO pO) P2 Po
(14.17)
or
1+R = T
k.o P1
1-R = —T 14.18
k.1 p2 ( )
which have the solutions
2p2k1
T = ——M——— 14.19
pak.1 + pik.o ( )
kz - kz
R P2Rz1 — P17vz2 (14.20)

p2kaa + prkao

14.3 Comparison with electromagnetic waves

Compare the results with the reflection and transmission coefficients for a plane electromagnetic
wave.

Solution: The reflection and transmission coefficients for an electromagnetic TE wave are given

by:
TTE _— 2/127]%1 (14.21)
pok. 4 k.o
ko1 — ks
prv - 2l M (14.22)

poka1 + pikse

Thus, permeability u plays precisely the same role here as the density p does in the acoustical case.
The reflection and transmission coefficients for acoustical waves are the same as for electromagnetic
TFE waves when we replace the permeability p in the latter coefficients with the density p.
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Chapter 15

Fourier representation of a real
function

Given the Fourier transform pair

1 > —iwt
g/_m fw)e™ dw

5

—~
~

N

fo) = [ foear
show that when f(t) is real, we can express f(t) as follows

f(t) = 2Re {;ﬂ /0 h f(w)e—iwtdw} .

(Hint: Start by showing f*(w) = f(—w).)
Solution: Since f(t) is real, it follows that f(¢) = f(£)*, and hence

re = f 7 (et

==
|

£
I

[ iwe = ).

In addition we have

ft) = % {/: flw)e™ ®rdw + /Ooo f(w)ei“’tdw} )

In the first integral we let w — —w, and thus we obtain

/ OOO Flw)e s = /OO fletao = [ et | [ f(w)e“’tdw]* .

Thus, we have

side 54

(15.1)

(15.2)

(15.3)

(15.4)

(15.5)

fo=5-{|[ f(w)e-iwtdw]* # [Tt —ore{ L [T el ase)

since z + z* = 2Re{z} holds for any arbitrary complex number.
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Chapter 16

Convolution theorem,
autocorrelation theorem, and
Parseval’s theorem

Let G(ks, ky) and g(x,y), and also H (ks, k) and h(z,y) be Fourier transform pairs so that
Mty = [ [ et

2 oo
a(z,y) = <217T> // Ak, ky)etFetrov) gk dk, (16.1)

if we let @ and A stand for either g and G or h and H.

16.1 Convolution

Prove the convolution theorem

2 o0 o0
1 o e
() // Gky, ky) H (kg ky)e'Feothod) g dle, = // gz’ ) h(x — o'y —y')da'dy'.
27T — 00 ( — 00
(16.2)

Solution: We denote functions of (z,y) by lower case letters and their Fourirer transforms, which
are functions of (kg, ky) by capital letters. Thus, the Fourier transform of a function a(z,y), denoted
by A(ky, k), is defined as follows

A(ky, ky) = //_Oo a(z,y)e " FemtR) dudy = Fla(z,y)}. (16.3)

The inverse Fourier transform is given by

1 ’ - 7 x _
%) //700 A(ky, ky)e (K +k’yy)dkxdky = F YAk, ky)}. (16.4)

a(z,y) = (

The integral
oo
fag) = [ [ alw o ple £ o'y o)y (16.5)
— 00
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is a correlation or a convolution integral depending on whether we use the upper or lower sign on the
right-hand side of (16.5). By expressing b(z £2’,y+4’) in (16.5) by means of its Fourier transform,
we find

) 1 2 oo . ’ ’
= f [ o {(£) [ [ s Yoy, s
-0 27 -0

We exchange the order of the integrations to obtain

1\° o o . , , ,
flx,y) = (2> // B(kz, ky) {// a(x’,y’)e_z((ij“”)m +(Fky)y )dﬂc'dy’} ez(kmz+kyy)dkxdky
a —o0 —o0

(16.7)

flay) = (2 > / / Bl(ky, ky) A(Fky, Fky)e!Feo o) d dke,. (16.8)
s

By combining (16.5) and (16.8) with a = g and b = h, and using the lower sign in both equations,
we obtain the convolution theorem:

(%) // Gky, ky) H (ky, k)t Femthod) g dky_// (', y Yz — 2y — o )da' dy .

(16.9)

16.2 Autocorrelation

Prove the autocorrelation theorem

<2 ) // G(ky, ky)|2eFeothoy) g dk, _// (¢' =,y —y)dz'dy’. (16.10)
Y

Solution: By choosing a = g and b = g*(—x, —y) we obtain from (16.5) and (16.8) with the lower
sign:

2 o0
// (@' —z,y —y)da'dy = <2171-) // G(ky, ky) B(ky, ky) e F==Thav) ag dk,
(16.11)
where -
Bk k) = Flg* (<o)} = [ [ g (o mye i day, (16.12)

By the change of variables * — —z and y — —y, we get:

*

By k) // xymwmm@—v/ 9w, )e BT D dudy | = (Gl k)]

(16.13)
which upon substitution in (16.10) gives the autocorrelation theorem:

(2 ) // Gky, ky) |2’ Femthov) g d, —// (@', y)g" (2 —x,y —y)da'dy’. (16.14)
™
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16.3 Parseval’s theorem

Prove Parseval’s theorem

(277) // G(kz, ky)|*dkydky —// g(x,y)[*dwdy. (16.15)

Solution: The desired result follows from the autocorrelation theorem by setting x = y = 0
n (16.14).
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Chapter 17

Angular-spectrum representation
of a spherical wave (Weyl’s
formula)

My work has always tried to unite the true with the beautiful and when I had to choose one or the
other, I usually chose the beautiful. Hermann Weyl.

The field associated with a diverging spherical wave with centre at the origin is given by

otk R
u(z,y,z) = 7 i R=+a2+y?+ 22 (17.1)
In the plane z = 0 we have

eik 2492
u(z,y,0) = ————. (17.2)

/ZEQ + y2

According to the angular-spectrum representation, we have

1\? [ [® _

u(z,y,z) = (%) // U(ky, ky)e!Feotbuytkl2D gp de, (17.3)

x ellery

-\
) z

ZN

Figure 17.1: Wave fronts of a diverging spherical wave.
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where the angular spectrum U (k, k) is given by

Ulks, ky) // u(z,y,0 e~ Wk thyy) g dy

K2 — k2 k2 for k2> k24 k2

iy/k2 4+ k2 — k2 for k* <kI 4K

17.1 The angular spectrum

and where

Show that the angular spectrum of a spherical wave can be written

Ul(ky, ky) = 27r/ et Jo(q,t)dt
0
where
=k + k;

Solution: Substituting (17.2) in (17.4), we have

2 +y )
Ul(ky, ky) / / e~ Wk thyy) gy,
NZZEr y?
We make the change of integration variables
r = Trcos¢
y = rsing
dedy = rdrde
R /132 + y2 = r
and let
k., = qcosvy
ky = gsiny
\VEZ+HEE = ¢
to obtain

2m
Uk, ky) = / / e eos@=V) gy

- / ¢ Jo (qr)dr.

0

17.2 Weyl’s plane-wave expansion of a spherical wave

Use the formulas
0 O<b<a

J in(bz)dx =
/0 o(ax) sin(bx)dx { b217a2 0O<a<b

side 59

(17.4)

(17.5)

(17.6)

(17.7)

(17.8)

(17.9)

(17.10)

(17.11)

(17.12)
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and )
IS T 0O<b<a
/ Jo(azx) cos(bz)dx = ¢ oo a=2b (17.13)
0 0 0<a<b
to show th at U(ky, ky) in (17.6) can be written
2mi

z
Use this result to find a plane-wave expansion of a spherical wave.

Solution: We start by rewriting (17.11) as follows:

Ulky, ky) = 27 { /O " Jolat) cos(kt)dt + i /O " Jolat) sin(k;t)dt} . (17.15)

i) Consider first the case in which k2 > 0. Then we have k = |/k2 + k2 + k2 = \/q> + k2 > ¢, so

that (17.12) and (17.13) give:

/ Jo(gt) cos(kt)dt = 0 (17.16)
0
/OOJ (qt) sin(kt)dt ! ! ! (17.17)
Sin = = —_ X
0o VB¢ ek
x T Py
where we have used (17.5). Substitution of these results in (17.15) gives
2me

z

ii) Consider next the case in which k2 < 0. Then k = /q¢? — |k,|? < ¢, so that (17.12) and (17.13)
give [cf. (17.5)]

, . .
! = (17.19)

o 1
Jo(gqt) cos(kt)dt = = =
/o N e L

/OO Jo(gqt) sin(kt)dt =0 (17.20)
0

which upon substitution in (17.15) give

-
Uy, k) = % (17.21)

z

Substitution of (17.21) in 17.3 gives

2 . ] )

1 > 2mi i 0o ilkzatkyy+k|z))
= | — 200 pilkomthyy+ka|2) gp. Jk  — // e T ke dk
u(xuyaz) <27T) //_Oo kz e - Yy 27.[. N ka " Y

(17.22)
which is Weyl’s plane-wave expansion of a spherical wave exp{ikR}/R.
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Chapter 18

The Airy diffraction pattern

Show that )
1/2
/ Jo(vt)tdt = < Jl(”)>. (18.1)
Jo 2 v
Hint: The following recursion formulas apply to Bessel functions:
% {CEn+1Jn+1(1’)} — anrlJn(.L)
d —n —n
e {x Jn(x)} = —z "Jp1(x). (18.2)

Solution: We are to show that I = fol Jo(vt)tdt = % (%(”)) By the change of integration variable
T = vt we get:
1 v
I=— [ xJo(z)dz. (18.3)
v Jo

From the first of the two recursion relations with n = 0 it follows that: [2.J(x)]" = zJo(x), so that

we get:
j Uiz ey (2)]2 = 2 15”) - % (2‘] 1@) . (18.4)

2J1(v) _ 1.

Note: lim, g ==
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Chapter 19

Integrated energy of the Airy
diffraction pattern

19.1 Total differential for Zi*)

T

Use the recursion formulas in Exercise 18 with n = 0 to show that

JE(z) ~1d

= S TR @) + @),

(19.1)
Solution: From - {2"*1J, ()} = 2"+ J,(2) with n =0 we get:

d
. {zJi1(x)} = xJo(z) = J1(x) + xJ] (). (19.2)
We multiply by % on both sides of (19.2) to obtain

Ji(x
195 ) _ —Ji(x)J](z) + Jo(x)J1(z). (19.3)
From the recurrence relation - {z=".J, ()}

n = —x " Jpi1(x) with n = 0 we get Jj(z)
which upon substitution in (19.3) gives:

_Jl (l‘)7
Ji i@‘) —Jy(@) T} (x) = Jo(x) T ()
_%%[Jg(x) +Ji (2)]-

(19.4)
19.2 Encircled energy

Fraunhofer diffraction through a circular aperture gives rise to the Airy diffraction pattern, so that
the intensity is given by

2J1(v)1?
I(v)=C [1(”)]
v
where C' is a constant and where v is a dimensionless co-ordinate given by

(19.5)

a
v=k—r.
2o

(19.6)
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Here r is the distance from the optical axis z = 0 to the observation point. The integrated energy
E(vp) inside a circle with dimensionsless radius vy is given by the integral of I(v) over the circular
area, i.e.

Blvo) = /0 " /0 " Ho)udvdd = 2m /0 " Iw)vdo. (19.7)

The ratio of E(vg) to the total energy is called the encircled energy, and is given by

2
E(vo) _ fovo JIT(U)dv

L = = . 19.8
(v0) E(c0) f(;)o J%U(U)dv ( )
Use the result from (19.1) and the limiting values:
Jo(0) = 1
J1(0) = Ji(o0) = Jo(o0) =0 (19.9)
to show that
L(vo) = 1 — J2(vo) — JE(vo). (19.10)

Solution: Apart from a factor 27rC', which is the same in the numerator and denominator in (19.8),

we have
Vo ,]2
E(vg) = / 71(U)dv
0 /l)

S R A
= —% {J3 (vo) + JF (vo) — 1} (19-11)

Disregarding again the factor 2nC', we have E(c0) = %, so that

(vo)
E(c0)

o

L(vo) = =1— JZ(vo) — JE(vo). (19.12)
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Chapter 20

Fresnel diffraction through an
infinitely large circular aperture

From equation (11.2.7) in the lecture notes [?] we have for the field diffracted through a circular
aperture:

1
uy=C / Jo(vt)e' 2 tdt (20.1)
0
where
v o= kﬁr
2o
2
u = k‘a—
Z2
2ma?
c = i
i)\de
2
= k —). 20.2
) (22+2Z2) (20.2)

Here a is the aperture radius, and the incident field is a normally incident plane wave, as illustrated
in Fig. 20.1.

20.1 Change of variable: vt — x

Show that u; can be expressed as:

ip v
%€ iBx?
ur= s /0 Jo(z)e'7" xdx (20.3)

sirkuleer apertur

i ikz .
u=e observasjons-
punkt

Figure 20.1: Diffraction trough a circular aperture.
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where 2
= = 20.4
2kr? (20.4)
Solution: By the change of integration variable vt = x we get from (20.1):
c " i1,22
ur = —2/ Jo(x)el%uﬁxdac. (20.5)
v= Jo
Since
c _ 6i¢27ra2 22 _ it 22
v2 iAzy k2a2r? ikr?
a2
(7 22 22
= = —2 = ) (20.6)
(k)
z2
we get from (20.5)
z0€™® [V B2 29
ur =g /0 Jo(2)e'"" xdx = o (20.7)
20.2 Infinitely large aperture
When the aperture radius a becomes infinitely large, we get v = kir — 00, so that
ip oo ‘
uy = Z;;Z /O Jo(gc)e"B’Cdex. (20.8)

Use integration by parts together with the results

/DO in () (b)Y = ~sin (2
; sin(aa”)J1 (br)de = - sin | =

e} 2
/0 cos(ax?)J; (ba)dr = %sin2 (I;a) (20.9)

to show that (20.8) can be written 4
ur = e'**2, (20.10)

What is the physical interpretation of this result?

Solution: From (20.8) we have

29€'®

ur=2"1 . 1:/ Jo(a) (eiBmzcc)dx. (20.11)
0

T k2

S 2 iBa? . .
We let uw = Jy, v/ = ze'B? = v = &5 » and use integration by parts [wuv'dr = uv — [ v'vdz, to

obtain
oo

00 61'312
— / Jo(x) dx. (20.12)
0 0

iBz?

I'= D) 55

2iB
Since Jo(0) =1, Jy(oo) =0 and Jj(z) = —J1(x), we get

—1

I= 2B {1 - /000 Ji(z)(cos(Bx?) + isin(Bx2))dx} (20.13)
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which by use of the formulas in (20.9) give:

i 1 1 1 1 kr?
T=—d1-9¢in?2(=. — ) —jsin ([ — . — = 20.14
23{ S (2 4B) Lo <4B>} © 4B 2 (20.14)

Since 2sin? 3 =1—cosz, we get
s i 1 (1 i —1 tisi —1
= —(cos|-—= | —isin|-— =—lcos|-—= isin [ —
2B 4B 4B 2B 4B 4B
) -1 21 1 kT’Q k2 ’ikT‘Q i kr?
= —eTiaB = evian = 9j— i3 = LTI 20.15
o T Tt T T M, PR (20.15)

Substitution for I from (20.15) and for ¢ from (20.2) in (20.11) gives

ik(z2t ) 2

27225/ 5 2

Z9€e 27 jkr® _kr )

up = —— e ' = et (20.16)
ikr 29

The physical interpretation of this result is that when the aperture is infinitely large, the incident
plane propagates along without obstruction of any kind.
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Chapter 21

Diffraction by a half-plane

The diffracted field resulting when a plane wave is normally incident upon the edge of a half-plane, is
given in terms of so-called detour parameters. The detour parameter ¢? associated with the incident
wave is defined such that (£%)? is the difference between the phase measured along the diffracted ray
and along the incident ray. Also, ¢! is defined such that £ > 0 in the shadow zone of the incident
wave, whereas £ < 0 in the lit area. From this definition and Fig. 21.1, we have

€)? = k(s—D) (21.1)
sgn(¢) = sgn(fy —0). (21.2)

21.1 Detour parameter associated with the incident wave
Show from (21.1) and (21.2) that
&= —\/%sin%(e—eo). (21.3)

Solution: From (21.1) and Fig. (21.1) it follows that

: D
(62 = ks(1 - 2) (21.4)
s
or '
(€)% = Eks(1 — cos(0 — p)) (21.5)
which by the use of the formula sin § = 4/ 1_0% gives
(€9)? = 2ks sin® %(9 — o). (21.6)
By use of (21.2) we therefore get
¢ = —V2kssin %(9 — o). (21.7)

21.2 Detour parameter associated with the reflected wave

The detour parameter £” associated with the reflected wave is defined such that (£7)? is the difference
between the phase measured along the diffracted ray and along the reflected ray. Also, £" is defined
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skuggegrense

observasjons-
punkt

Figure 21.1: Detour parameter associated with the incident wave.

such that £&” > 0 in the shadow zone of the reflected wave, whereas £” < 0 in the area that is lit by
the reflected wave. Draw a figure and show that

& =V2ks sin%(f)—l—@o). (21.8)

Solution: From Fig. 21.2 it follows that

(€")* = k(s = D) (21.9)
or D
(€")? = ks(1 — g)' (21.10)
Also, we see from Fig. 21.2 that
D_ cosa (21.11)
s
and that
a+ 8= 6. (21.12)
Since § = 27w — 6, we get
o+ 27’(’ — 0 = 90
I
a = 6y+0-—2r (21.13)
so that
1
(€")% = ks(1 — cos( + 0y — 2m)) = ks(1 — cos(6 + 6)) = 2ks sin® 5(9 + 6p). (21.14)

By definition £" > 0 in the shadow zone of the reflected wave, i.e. £ > 0 when 6 < 27 — 6y (see
Fig. 21.2) or when (0 + 69) < m. Thus, we have sgn(¢”) = sgn[sin 1 (6 + 6)], and hence

£ = V2ks sin%(9+90). (21.15)
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/

obseryasjons-
k™

Figure 21.2: Detour parameter for the reflected wave.
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Chapter 22

Diffraction through a circular
aperture — axial intensity

When a plane wave is normally incident upon a circular aperture, the intensity in the diffraction

pattern is given by
2

(/\Z2> / Jo(vt)e! 2 tdt (22.1)
Show that along the axis v = 0 the intensity becomes
I = 4sin®(ma®/2)z3). (22.2)

Sketch the axial intensity as a function of zo in units of a?/2)\. Give a physical interpretation of
this axial interference pattern and explain why the minimum intensity is zero and the maximum
intensity has the value of 4.

Solution: Since u = ka?/zy = 27a? /A2y, the given expression for the intensity distribution becomes

2

I= / Jo(vt)e' 2 tdt (22.3)
Along the axis v = 0 we have (since Jy(0) = 1):
1 -1 2 1 2
A= u/ Jo(vt)e' 2" tdt = u/ Ut (22.4)
0 0
We let %t2 = x, so that tdt = dx and we get:
% ux |2 iy 1
A = u/ e“””dac—ue, = 62.
0 o, 21
- 262'%% = 2¢'% sin (%) . (22.5)
Thus, the axial intensity becomes
I = 4sin®(u/4) = 4sin*(ma®/2)\22). (22.6)
The axial intensity has maxima when ma?/2\2; = (7/2)m, where m = 1,3,5,---. Thus, we may
write )
(m) a1
mo_ D =1,3,5,---. 22.7
2max A m m ( )
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The axial intensity has zeros when ma?/2\zy = m, where m = 1,2,3,---. Thus, we may write
2
m _a 1
2222-“ = TE ;o m = 2,476,"'. (228)

When 2, is expressed in units of a?/), the intensity has maxima for 2o = 1,1/3,1/5,1/7,--, and
minima when 2y = 1/2,1/4,1/6,1/8,---. As zy increases beyond the value of a?/), the intensity
decays monotonically to zero, and as zo decreases below the value of a?/), the intensity oscillates
faster and faster between the values of zero and 4. For an aperture radius of ¢ = 1 mm and a
wavelength of A = 0.5 ym, we have a?/\ = 2 m.

The physical interpretation of this axial interference pattern is that at any observation point on
the axis the distance from the edge to the observation point is the same for all edge-diffracted
rays. Hence the edge-diffracted waves interact to reinforce one another and the resulting wave due
to all edge points is of the same intensity as the incident wave. This explains why we get zero
minimum intensity at axial points where the edge-diffracted wave is out of phase with the incident
wave (destructive interference). The incident plane wave is of unit amplitude, and since the total
edge-diffracted wave has the same amplitude as the incident wave, we get a total amplitude of 2, and
hence an intensity of 4, at axial points where the edge-diffracted wave is in phase with the incident
wave (constructive interference).
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Chapter 23

Poisson’s spot

In the diffraction problem illustrated in Fig. 23.1 a point source in the half-space z < 0 radiates a
field u* which is incident upon an aperture A in the plane z = 0. When kR, >> 1, the diffracted
field is given by Rayleigh-Sommerfeld’s first diffraction integral, i.e.

1 ) eikRg 29 o
== ! — 23.1
ur Z)\/_/I4U($7y’0) RQ R2 ray ( 3 )
where
Ry=/(z —2)? + (y — 1)° + 2% (23.2)

For a normally incident plane wave u'(x,y,0) = 1, and we get

2kR2 29
—dmdy. (23.3)

If u® is due to a point source at (z1,y1, —21), we get

e(ikRi+R2) o
—dzxd 23.4
T / / RiR: Ry Y (23.4)
where
Ri=V(x—x1)2+ (y — )2 + 212 (23.5)
x eller y
observasjons-
punkt i (X»y2,2%)
(x.y,0) R,
/—\ z
A
punktkjelde i (X,,y,,z;)
z=0

Figure 23.1: Diffracted field due to a point source.
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23.1 Diffraction of a spherical wave through a circular aper-
ture

In the lectures we have shown that when a normally incident plane wave is diffracted through a
circular aperture, the first Rayleigh-Sommerfeld diffraction integral in (23.3) can be expressed as

Urg = —1017;\622/01 Jo(vt)ei%utztdt (23.6)
where
a
vo= k‘ér
u = kaj
Z2
O = et (23.7)

Equation (23.6) applies provided that the paraxial approximation and the Fresnel approximation are
satisfied. Let 1 = y; = 0 and use the same approximations to show that (23.4) can be expressed as

ma? 1 1.2
ura = —iCy )\21222/0 Jo(vt)e 2™ tdt (23.8)
where
Cy=Cre** ;@ =kd® (1 + 1) . (23.9)
z1 Zo
Solution: We use the paraxial approximation
z 1 1
RiQ M1 s (23.10)

and the Fresnel approximation

1 — )2 — )2
Rjzszri(x z3) j(y w219 (23.11)
J

so that we get
z;% + y;? n 22 +y? oz Yy

Rj =~ z;
J ZJ * 22’]‘ 2Zj 22’]‘

(23.12)

2 2 2 2 2 2 2 2
T+ T2” + z” + z? + x4 Tx0 +
Ri+Romoo+amt L 1YL 12 TH2 y_ Y amityy ame +yye
221 229 221 229 221 229

We let the point source lie on the axis, so that 1 = y; = 0, and we introduce polar co-ordinates:

. (23.13)

T =pcos¢p ; y=psing

To=rcosf ; yy=rsinf (23.14)
so that (23.4) gives:
a 27
wp = 22 / / e~V 978 gt s iR (23.15)
iAz122 Jo Jo
where )
Cy = Crett1, (23.16)
Letting p = at, we get
7ra2 ! P12
ura = —iCy 2/ Jo(vt)e" 2" tdt (23.17)
Az1za Jo
where ] 1
Cy = Cre** o i =ka® ( + > (23.18)
Z1 Z9

which was to be proven.
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23.2 Opaque disc

Let the incident field be a normally incident plane wave, and let the circular aperture be replaced
by a circular disc. Show that the diffracted field then is given by

urs = "2 —upy (23.19)

where ur4 is given by (23.6).

Solution: When we replace an aperture with an opaque disc of the same shape, we can use Babinet’s
principle, according to which u;s = u* — uy4, where uys og uy4 are the diffracted fields due to the
disc and the aperure, respectively. In the present case u’ = e***2 and therefore we obtain (23.19).

23.3 Proof of Babinet’s principle

Let A be the aperture that is complementary to A, so that A 4+ A covers the whole plane z = 0.

Then we have
lkRz
UrA // 8z2 ( >dacdy
Zk)Rz
s // 322 ( >d$dy
szg
// 822 ( Rs )dxdy
lkRQ
( // EP ( )dwdy) . (23.20)

The first integral gives after the last equality sign in (23.20) gives u’, because the integration is over
the entire plane (i.e. no edge diffraction) and the final integral in (23.20) gives uy4. Thus, we have
Babinet’s principle, u;g = u® — us4.

23.4 Axial field - incident plane wave
Show that on the axis v = 0 we get from (23.19)

. 2
ups = " (2t 55) (23.21)

which implies that the intensity everywhere on the axis behind an opaque circular disc is the same
as the intensity of the incident plane wave! This bright spot is Poisson’s spot, named after Poisson
who first predicted it on the basis of Fresnel’s wave theory. Poisson used this bright spot as a proof
against the wave theory. But when Arago soon afterwards carried out the experiment, he observed
the bright spot on the axis.

Solution: On the axis x2 = y2 = 0 we have [see (23.6)]:

27ra

ik
—urq = +ie**?2uJ  ; u=
)\ Z9

1
: 1
J= / ety §t2 =x = tdt = dx (23.22)
0
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1 .
2 ez —1

% ) eiuw
= J= / e"“dx = —
0

w |, w
—upg = P2 (e — 1), (23.23)
Thus, we have from (23.19)
. . -y ik a2
urg = €M7 —ypy = ehRtig = hletag), (23.24)
The intensity becomes
fursl? = url?. (23.25)

23.5 Axial field - incident spherical wave

Repeat the derivations in Exercises 23.2 and 23.4 for an incident diverging spherical wave, so
that (23.8) applies. Consider the special case in which z; = 25 and try to simplify the result as
much as possible.

Solution: According to Babinet’s principle we have urs = U? —ur4. At the point 2o = 12 = 0 on
the axis u' is given by:
. eik(21+ZQ)
u= ——— (23.26)
21+ 22

and from (23.8) with zo = yo = v =0 we get

) 2 iZ _ 1
Cupg = ikt g 4 €2 (23.27)
zZ122 U
Since @ = ka®(£ + L) [see (23.9)], we get
. eik‘(zl+22)+iﬂ/2
— L T 23.28
UrA u + At ( )
so that ,
4 exp {ikz(z1+zQ) (1+ 2;1@))}
urg = u' —uUrp = . (23.29)

21+ 29

The on-axis intensity becomes

1\ ‘
|ufs|2:( ):w. (23.30)

z1+ 22

Thus, on the axis behind a circular opaque disc the intensity is the same as if the disc were removed!

If we let 21 = 29, we get
1/1)°
2
=-|—= 23.31
sl = 1 () (2331)

which implies that the intensity at this observation point on the axis is one quarter of the incident
intensity at the center of the disc. When z; >> z3,we get from (23.30)

LTARERY 1\°
2= = ~ ([ — 23.32
st = (£) <1+§i> (2) (28.82)
2

where % is the intensity of the incident wave at the center of the disc, in accordance with the

result from Exercise 23.4.
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Chapter 24

Fraunhofer diffraction at oblique
incidence and interference between

the fields diffracted through two
apertures

In the lectures we have shown that the diffracted field in the Fraunhofer zone is given by

v // (z,9,0 )e*i(kQ“:*kgy)dxdy (24.1)
1AZ9
where
2 2
ik zo+ 22 tTy2 )
Ci—e ( S S - 22} ;K= kya (24.2)
zZ9 z9

and where u’ is the incident field and t(z,y) is the transmission function of the aperture. Let us
assume that t(x,y) has the value 1 when (x,y) lies inside the aperture A and the value zero when
(z,y) lies outside A.

24.1 Fourier representation at oblique incidence

Show that for an obliquely incident plane wave with wave vector

K =k,'e, + ke, +k.'e, (24.3)
the diffracted field becomes
i(Ka2+Kyy) o q 24.4
M@// vy (24.4)
where . A
K. =k —k, ; K,=k —k,. (24.5)

Solution: The obliquely incident plane is given by

ut = o KT _ ik etk y+h.'z) (24.6)
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ki

86

Figure 24.1: The incident plane wave makes an angle 6y with the z axis.

which upon substitution in (24.1) gives:

ur = .Cl //ei(kmiac-i-kyiy)e—i(kzoz-&-kyoz)dxdy
Z)\ZQ A
- G / / e et Ky y) gy (24.7)
1A2Zg A
where
Ke=k'—k' ; K,=k"—k/k (24.8)

which was to be shown.

24.2 Airy diffraction pattern at oblique incidence

Let k’ lie in the (y, 2) plane and make an angle 6y with the positive z axis, and let the aperture be
circular with radius a and with centre at = y = 0, as shown in Fig. 24.1. Determine the diffracted
field in the Fraunhofer zone. Simplify the expression as much as possible, and compare the result
with that found previously for Fraunhofer diffraction through a circular aperture when the plane
wave is normally incident.

Solution: From the information given in the Exercise and from (24.8) we have:

k! = ksin6peé, + k cos bpe,
k' = 0
K, = k=02
22
0 i Y2 .
Ky, = ky —ky :kz——ksmﬁo. (24.9)
2
We introduce polar co-ordinates
K, = Kcosp
K, = Ksinf
2o\ 2 2
K? = K,2+K,)?=k [<2> + (yQ—sm%) ]
22 22
r = atcoso
y = atsing

dedy = a*tdtde (24.10)
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and get
K,x+ K,y = Katcos (¢ — 3)

which upon substitution in (24.4) gives

Ch 2 ! 1 o —i(Katcos (¢p—03))
ur = ,—2ﬂ'a/ —/ e do ptdt
Z)\ZQ 0 2 0

= ﬂ% 2/1,1 (Kat)tdt
- Z)\ZQ @ 0 0 “
Gy

1
_ 2 T
= Z,/\2227m /o Jo(Tt)tdt

where

Letting vt = z, we get
1 B
1
I— / Jo(otyidt = = / Jo(x)wdz
0
which by use of the relation [zJ1(x)]" = xJy(x) gives
J1 (’D)

v

I =

Thus, the diffracted field becomes

_ Cyma? (2J1 (v))

Uy = — —
1AZ9 v

and the intensity distribution becomes

2\ 2 —_ 2
2J1(0)
I = 2: & 17
= (5) (5
2o\ 2 2
v=Ka=ka (2> —|—<y2—sin00).
z9 z9

At normal incidence 6y = 0, we get:

where

in accordance with the result we found previously.
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(24.11)

(24.12)

(24.13)

(24.14)

(24.15)

(24.16)

(24.17)

(24.18)

(24.19)

Thus, at oblique incidence upon a circular aperture, we get an Airy diffraction pattern centered at
o =0, Yo = yog = 228infy = 25 tan 6y, where the last approximation follows from the fact that 6
must be small for the paraxial approximation to hold. From Fig. 24.2 we see that the center of the
Airy diffraction pattern is at that point where the incident wave vector k* through the center of the

aperture hits the observation plane.
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Figure 24.2: The center of the Airy diffraction pattern is at the point where k* through the center
of the aperture hits the observation plane.

y y’=y-n,

/N

X' =X- El

Figure 24.3: The aperture A’ is displaced relative to A

24.3 Aperture displacement

Show that if we displace the aperture A in the plane z = 0 in (24.4) a distance s in a direction that
makes an angle Gy with the positive z axis, then the diffracted field u} due to the new aperture A’
is given by

uhy = upe " KelitKym) (24.20)

where
& =scosfBy 3  m = ssinfy (24.21)

is the origin in a displaced co-ordinate system (z’,3y’) that is related to A’ in the same way as the
original co-ordinate system (z,y) is related to A

Solution: A og A’ are identical apertures, which are displaced relative to one another, as illustrated
in Fig. 24.3. The diffracted field due to A’ is given by:

= C // e~ U Ese+Kyy) gy (24.22)

i/\ZQ
Letting o' =z — & og 3y =y — 1, we get

v, = G itat K / / iU ) gt gy
1AZo /
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K&y m) .C1 //e—i(Kza;—&-Kyy)dxdy (24.23)
A2y A
or .
W) = upe(Keb1+Kym) (24.24)

which was to be shown.

24.4 Interference

Use the result from Exercise 24.3 to show that the diffracted intensity due to both A and A’ is given
by

1
I = 41, cos? (25) (24.25)
where Iy is the intensity due to A or A’ alone, and where

6 =K. & + Kym. (2426)

Solution: The diffracted field uy; due to A and A’ becomes
up = up +uf = ur(1+e"%) (24.27)

where § = K& + Ky and where uy is the diffracted field due to A alone. The intensity becomes:

I = |up® = |ur|*(2 + 2 cos 6) = 2Io(1 + cos §) (24.28)
or 5
I, = 41, cos® 3 (24.29)
where
I = |ur)?. (24.30)

24.5 Example

Sketch the diffraction pattern given by (24.25) for the case in which we have two circular apertures
with radius ¢ = 0.1 mm and normal incidence. Let the other parameters be Gy =0, s = 1 mm, A\ =
0.5 pm, and zo = 10 m. How large is the diameter of the Airy disc, and how many dark interference
fringes are there inside the Airy disc?

Solution: For two circular apertures I is the Airy diffraction pattern and cos? %5 gives straight
interference fringes that are oriented normally to the line connecting the two apertures. This is
illustrated in Fig. 24.4. The diameter of the Airy disc is given by D = 2ry, where vg = kz%ro = 3.83.
This gives

10

Z92 _6
D=244. (7) A=244. —— .05.10"% m = 6.1 cm. 924.31
2 2.0.1-10-3 m o (24.31)
The factor cos? %6 gives a dark interference fringe when
o= m+ D) o (n==123.)
50 = (mr+3 ; n==1,2,3,..

=

0 = n2r+m. (24.32)
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Figure 24.4: The Airy diffraction pattern due to one circular aperture with interference fringes
superposed upon it due to the interaction between the fields diffracted by two circular apertures of
the same size.

We have that

0 = K & + Kym = Kscos cos By + Kssin fsin By = Kscos(8 — (o). (24.33)

Normal incidence means that 6y = 0, and By = 0 means that A’ lies on the = axis (see Fig 24.3). If
y2 = 0 then (24.9) shows at K, = 0, and then it follows from (24.10) that 8 = 0. Substituting from
the third equation in (24.10) into (24.33), we have:

60=Ks= ksﬂ = 27T8x2.
z9 /\22

(24.34)

Since z2 < 6.1 cm, we get on substituting the given values of s = 1 mm, A = 0.5 ym, and 2z = 10
m into (24.34)
0 < 2m-12.2. (24.35)

Thus, there will be 12 dark fringes inside the Airy diffraction pattern.



