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HIGHLIGHTS

A model relies on forced harmonic oscillator for evolution is proposed.
Macroevolution is described as a resonance phenomenon.

It presents a hypothesis for the so-called Cambrian Explosion.

The model provides also an explanation for periods of evolutionary stasis.
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1. Introduction

According to established theory, random genetic mutations and natural selection are the phenomena that act as the core
engine for the evolution of the species [1].

Random mutations are modifications along the sequence of the DNA, mainly due to replication errors, so that ‘random’
means that they are the product of individual causes that we ignore and cannot have control on it and, still more important,
are unrelated with the organism fitness.

In addition to these two (classical) factors, epigenetic phenomena are rapidly gaining momentum [2,3]. We can roughly
define epigenetic changes as variations of the phenotype of an organism due to a modification of the gene expression pattern
without modifications of the DNA’s sequences.

Random mutations, natural selection and epigenetic changes have been taken under consideration to generate a
theoretical frame to the ‘saltation-and-stasis’ phenomenology suggested by fossil records [4,5].

Fossil records show a highly non-linear trend of the evolution, made of long period of standstill interrupted by relatively
fast appearances of many species. The Gould and Eldredge ‘Punctuated Equilibria’ theory interprets the alternation between
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‘saltation’ and ‘stasis’ keeping the idea that evolution is characterized by the combined effect of random mutations and
natural selection, although in some situations its speed may be very low [5].

Nowadays, the discovery of the lack of bi-univocal character of the genotype-phenotype relation [6,7] and the
overwhelming combinatorial complexity of molecular interaction (Tompa and Rose in their paper [8] gave a gross estimate
of 1072%° molecular interaction constraints to be satisfied in a relatively simple system like yeast) push to try to face evolution
non-linearity with a fresh perspective.

Here we try to sketch a plausible frame of evolution building upon the three basic evolution pillars: stochastic nature
of DNA mutations, epigenetic changes and selective pressure. Our goal is to insert these three pillars in the frame of the
physical theory of forced harmonic oscillators. We do not propose a ‘definitive mathematical theory of evolution’ but we
hope this exercise can be useful for hypothesis generating.

We build upon the universal character of state transitions displaying some largely invariant features across different
fields of application such as cell differentiation, finance and physical chemistry (see for example Refs. [9-12]). The exercise
to fit evolution into the general frame of state transitions allowed us to accommodate both stochastic and directional effects
and to generate some implications on evolutionary biology.

2. Evolutionary model

The main actor of the proposed model is a biological species defined as a vector in a N-dimensional space, where N is
the number of characters that describes that species. We associate to each of the N characters an axis representing all the
possible expressions (not only those actually observed) of that character. We call X the coordinate of a species on one of
these axes. A given X will correspond to the value taken for one (out of the N defining the space) character by a species
that, in turn, is a point associated to a unique configuration in the N-dimensional space. Thus, the value of X corresponds
to a certain phenotype. Each species encompasses many individuals, so we intend the X of a given species as the ‘average’
phenotype.

It is worth focusing on the abstract nature of our model so, at this point, we give for granted the mutual independence
of the variables spanning the space.

The phenotypic N-dimensional space must be intended as the co-domain of a domain Z represented by the genotype.
The vector points in this space thus correspond to the single individuals that belong to the species.

Since every living organism by definition eats, grows and reproduces, the configuration of a particular character that
best ensures a species in its habitat to perform these functions will be a point X which we will call Xj, i.e. Xp is the point of
maximum fitness.

If we add another dimension which indicates the allelic frequency f of a certain character set, namely the number of times
it appears in a population divided by the number of individuals of that population, then we can build an allelic frequency
distribution. Such allelic frequency will follow a Gaussian; that is, if we consider the N-dimensional space of the characters
as the domain of f (which is a function in N variables, i.e. f = f(X;, Xa, ..., Xy)) we expect the top of the distribution (the
maximum of f) corresponds to a particular point of the N-dimensional space. In the case of considering only one character,
that point is Xg. This corresponds to say that the ‘optimal configuration’ tends to be the most frequent.

In the following, we will introduce the hypotheses at the base of the proposed theoretical model.

2.1. First hypothesis: harmonic oscillator

Now let us assume, for one character, that the typical effect of random mutations and natural selection is an oscillation
of the actual point X around the peak of allele frequency, so that point generally will not be in X, but at a coordinate we will
call Xyax Xmax in turn will swing around X, with a harmonic motion given by

X(t) = Ao cos(wpt) (1)

In (1), X(t) is the coordinate of Xyax at time t, A is the amplitude of the oscillation and wy is the frequency of the
oscillation (i.e. the frequency by a constant factor equal to 21T, for which hereinafter we will call the frequency w). Such uy
is given by

2m

W= 2)
with Ty oscillation period of Xyax. In turn
_m

where m is a positive integer that represents the number of mutations that result in an oscillation of Xyjax while A is the rate
of mutations, which is by definition given by

A= —
nt
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where n is a positive integer that indicates how many generations are needed on average to observe a hereditary mutation
and T is the average time interval for a given species between a generation and another (in the case of asexual organisms,
between a cell division and another). Combining all the above equations we get the expression for y:

21
W =——- 3)
mnt

The parameters n, m, T could, at least hypothetically, be experimentally derived.

The motion of Xyax can be equated to that of a mass subjected to a return force, where such a force corresponds to the
natural selection (remember we made the hypothesis of a species centered near a fitness maximum). Random mutations
cause the displacement from Xj: a big removal from the configuration of maximum fitness will correspond to a great effect
of natural selection and vice versa.

2.2. Second hypothesis: environmental factors

We add another hypothesis to our model. We consider an ecosystem as a structure describable by a set of quantifiable
parameters, something like the average temperature of a given habitat, the moisture, the concentration of a given gas in the
air or in the water, the density of individuals of species different from that taken into account, and so on.

Let P be one of the above parameters. We postulate that, if an ecosystem is in a situation of equilibrium, P has a given
average value (in time). If the environment shifts to a new equilibrium state characterized by a different value of P, then,
during the transient phase, the value of P will oscillate between the initial and the final value with a frequency wg. The
subscript “E” stands for “external” because P describes the ecosystem of our population, not the population itself.

We assume further that such wg (which value can in principle be experimentally estimated) will be higher, the smaller
the time interval needed for the environment state transition.

2.3. Third hypothesis: resonance

To model the discontinuous trends of evolution, we need to add a third and final key assumption in our model. We select
from the whole set of parameters describing an ecosystem P, a subset of parameters (the existence of which depends on the
species in question and must be sought experimentally) able to exert heritable epigenetic effects on a part of our population
(see Refs. [13,14]). In other words, we assume that there exists the possibility that an “external” factor contributes to cause
the displacements of Xjyax, but in this case, the time course of such displacements will be given from that of the external
parameters (that is, it will not be necessarily harmonic).

We can now state the third hypothesis: if one of the parameters capable of epigenetic changes is swinging with frequency
¥ because it is in a transient phase, then our species will evolve (so far at least as regards the considered character) if the
following equality occurs

Wy = W (4)
This relation, called Condition of Evolution (CE), is derived from the properties of a forced harmonic oscillator. Recovering

our physical analogy, during a transient epigenetic effect, the external force characterized by the harmonic frequency W
causes a resulting motion of Xyax described by the law

ag cos(Wwet)
X(t) = ————+
wp — ug
where we define

Ll e

in which ag is a constant equal to the amplitude of the oscillation that would occur if the “external force” were constant
over time. Note that the argument of the cosine is wr because that is the property of forced harmonic oscillators for which
() tends to w if at first wy # we (with consequences which we will discuss later).

From these two relations we see that in the limit of Wk going to wy, Ag diverges, i.e. the point Xyax explores regions
(at least in theory) indefinitely away from its original basin of attraction. During this motion the system traverses a rugged
fitness landscape, visiting potentially new points of maximum fitness. This behavior can be considered as a resonance which,
in our case, describes the transition from one species to another. In other words, this can be interpreted as a mechanism for
macro-evolutive changes.

We can describe also the case of evolution with bifurcation into two species, because in that case the only difference is
that we have more of a new point of equilibrium representing the new evolutionary forms; i.e. it goes through the evolution
from point X, to Xo 4 and Xo p.

In the realistic case in which the CE is not fulfilled perfectly but only in good approximation, Ay is a “space” the half of
which will be covered in a time that we will call TE (Time Evolution). We can make an estimate of TE

T mnT
TE< — = —
w 2

= Ag cos(wgt) (5)
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2.4. Corollaries

Exploiting other properties of a forced harmonic oscillator, we can add three corollaries to our evolutionary model.

1. If we > wy then Ag tends to zero. The biological consequence of this corollary is that in the case of abrupt changes in the
ecosystem, much greater than the adaptability of the population, the species could be extinguished because it loses the
ability to oscillate in the neighborhood of the configuration of maximum fitness.

2. If wy > Wk then Ag tends to ag/ wx. In this case the biological counterpart is a situation in which the external changes
are slow compared to those of the population but there is no evolution (or even extinction), simply the amplitude of
oscillation of the characters only changes of a constant factor.

3. If Wy > wx but it is neither the case of the resonance nor of the two previous limiting cases, it happens that wy tends
to coincide with . Biological phenomena consistent with this corollary are all the numerous cases in which a living
species adapts to an external oscillating parameter immediately assuming the same rate of change. Circadian rhythms
are the by far most widespread examples of this situation (see Refs. [15,16]).

The next two corollaries describe more complex situations with respect to the very rough and simplistic concepts set forth
in the constitutive assumptions of our model.

4. If the changes of the ecosystem are not harmonic but only periodic with period T, then we use as w the main harmonic
and eventually the firstﬂbsequent of the developm in Fourier series of changes in the ecosystem:

f(t) =ao + aMcos—m+szinm
M1 T T
where f(t) is the function that expresses the changes over time of the parameters P.

In the case it should be possible to apply an analytic function (at least in first approximation), ag, ay and by
coefficients estimate the relative weights of terms of the development and, for every M, (MT1t/ T) are the harmonic
of the development.

Although the summation goes from 1 to infinity, only a finite number of terms will be biologically influential because
subsequent terms weigh less and less than previous ones, and higher order ones correspond to variations to which a
species is practically insensitive to. We note that for orders below that limit, what interests us are the frequencies of
the development and not the coefficients because the resonance phenomenon depends only on them and not on the
amplitudes. This is an advantage in the case it is impossible to model the changes in the ecosystem by an analytic function
and consequently we have not the possibility to compute the coefficients of the expansion.

If we apply the fourth corollary to the CE we obtain an equivalent form, in fact by

W = W
replacing the expressions of the frequencies we obtain

2m Mm

mnt T

explaining M we obtain
2T
mnT

but remembering that 1/ (nT) = A we can write the final relation in a more compact form

2AT
M=

m
this last relation is equivalent to the CE but it regards cases of external variations that are periodic but not strictly harmonic
and postulates that evolution takes place if the product of the constants that appear at the second member is equal to a
small integer.

The last corollary we propose does not present a full relation but only an indicative one of the mathematical form that
will have a significant element of our model, the probability of evolution:

5. If the ideal case wy = W is not realized, the evolution will occur with a probability given approximately by

(%]
P= A(wn,i)/ Ator,i
i=1 n=1
where N is the number of characters epigenetically modified by the parameters of the ecosystem, M is the number of
harmonics which can approximate the trend of the ecosystem within the sensitivity of the species, Aror,; is the amplitude
of the entire space of variation of the ith character,

Alwn) = ——=

o —
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where ag is again the amplitude if the “external force” is constant, wj is the frequency with which oscillates the Xyax of
the ith character and wy ; is the nth harmonic that is approximately equal to wJ.

We need to give further details about the quantity N: among characters modifiable by means of external factors should
not be counted those that appear only thanks to such factors (thus those which would increase a degree of freedom of
the space characters) and even those that disappear. In the first case the wy for that character cannot be defined, so it
cannot produce resonance; in the second case the impossibility of the CE is trivial.

Of course, if one or more addends in the double summation are greater than 1, then we must consider P = 1, in particular
if Wy = wy,; for at last one index i we come back to the case of perfect resonance.
In summary, if there is not perfect equality in the CE, the probability of evolution is greater the more

(1) wy,; — w; (i.e. how much closer it is to resonance)
(2) N is greater (i.e. the more the species is complex and sensitive to the environment)
(3) M is greater (i.e. if the alteration of the ecosystem is periodic but not harmonic, evolution is facilitated).

So far, we have considered the characteristics of a population as independent of each other, but this hypothesis is far from
realistic. In general, given a character x(t) which oscillates with harmonic motion around its most frequent value, it will
exist at least another character y(t) such that y = y(t, x(t)). This second character also will have its peculiar oscillation in
time but also a certain dependence from changes of x(t).

For the purposes of the realization of the CE, the ways in which characters mutually interact can be divided into two
classes: those that involve a resonance for both when it is realized for one of the two and those in which this resonance does
not happen.

Mathematically the first case is expressed by saying that

limy_, .y =+—. (6)

For example, the (6) is certainly satisfied in the case of y(t) = Ayx(t) cos(uyt), that is, the character y oscillates with its
own frequency Wy, but its amplitude is proportional to x(t).

All this implies a modification of the formula which provides the indicative estimate of the probability of changing, so it
becomes

(%]
P= YiA(W,i)/ Ator, i
i=1 n=1
where —
2 A ifQ = 0
Vi = i Aror L.
1 ifQ =0

where Q is the number of characters that depend from the ith character and that have a dependency on this that satisfies
(6) (they are indexed by 1), A;; is the amplitude of oscillation of the character Ith and Aror,1,; is the amplitude of the entire
space of variation of the Ith character.

If we consider that any positive magnitude (in our case the amplitudes of oscillation) when multiplied by a number
between O and 1 (in our case y; when Q ~= 0) becomes smaller (that is, tends to zero), then our model implies that a species
with characters that are all oscillating, and for the most part linked between them, has a virtually null probability of evolution
in response to external factors that are not next to the CE and, at least in theory, a probability of evolution that rapidly tends
tolforux & .

This just described situation is compatible with all those cases in which a species is adapted to a variation of one or more
external factors resorting to variations already available in its gene pool without therefore having to evolve into “other”.
At the same time it includes the probable feature of evolution to manifest only in the presence of external factors strongly
calibrated on the CE.

In summary, adding contributions of all the characters modified by a given epigenetic factor and interactions between the
characters, the mechanism based on the resonance becomes, for the entire species, similar to a phase transition (i.e., it has a
non-linear and threshold behavior). Moreover, our model can be generalized if instead of an epigenetic factor is considered
another type of variation, which however plays the same role of ‘oscillating driver’ endowed with heritability even for only
few generations.

3. Special evolutionary phenomena in the light of the proposed model

We can look at some episodes in the history of life on Earth so to reinterpret them in the language of our evolutionary
model. This is, in our opinion, a useful exercise to check the plausibility of the proposed frame.
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3.1. Stasis of the pre-Cambrian

We start from the long evolutionary stasis that fossils recorded in the time range from about 2 billion years ago (the
appearance of eukaryotic organisms) to about 500 million years ago (early Cambrian). In this time interval the evolution, if
we quantify it by the number of species appeared from an initial moment up to an arbitrary time, looks as being in a stand-by
mode for one and a half billion years, which represents a major portion of the entire evolutionary history.

This stagnation can be explained in the light of the formula (3) and in the second corollary: since the unicellular organisms
have a very short life cycle (T very small), then their wy will be very high. This is the situation described by the second
corollary, that is, we do not have either evolution or extinction. With a wy extremely high, it is highly improbable that
environmental changes could take place so to ensure the resonance, whereby the stasis has characterized this long time
interval.

3.2. Cambrian explosion

The opposite phenomenon happened at the beginning of the Cambrian and has been defined as “Cambrian Explosion”.
It consisted in the appearance in relatively short geologic time of most phyla of complex animals and the diversity of living
species began to be similar to the current [17].

In the frame of our proposal, we can explain the explosion as the combination of two factors: the first was the relatively
rapid succession of relevant climatic and geologic changes pushing toward the realization of the CE. The second factor was a
situation in which existing species before explosion were very similar to each other (i.e. they all had similar wy) so to make
it possible a “mass evolution” that, by observing the expression of T (time evolution) was in this case also very rapid.

3.3. Quantitative uniqueness of the Cambrian explosion

To complete the discussion on the Cambrian explosion we note that other “explosions” took place in subsequent times,
but these were not of the same scope as the Cambrian. This peculiarity could be explained by the fact that following the
differentiation of the organisms, each species had a different wy for which, for the same environmental changes, there no
longer existed the factor of reciprocal similarity of the oscillation frequency of the characters.

3.4. The Mesozoic

An interesting further application of our model is the analysis of the Mesozoic period, from about 251.0 to about 65.5
million years ago that it is known as the “Age of Dinosaurs”. The Mesozoic was characterized by the dominance of reptiles,
especially many species of dinosaurs, while mammal species similar to the current mice and the first small birds made their
first appearance. As we know, this situation is reversed with the famous extinction of the dinosaurs (and many other species
of the time). Let us see how to describe these events with the Model of Resonances.

During this period the climate was very stable, so, in our language, there was a small wg that easily resonates with the
low wy of the dinosaurs and of all other long-lived animals (greater than that of the first mice and early birds). Following a
catastrophic event (i.e. the hypothesized fall of a big meteorite) and for dramatic climate changes there was Wk / () of the
dinosaurs (and then, for the first corollary, there was the extinction), while W & Wy of the other animals (which evolved).

Note finally that during the early Mesozoic mammals and birds not dominated but were still present because they fulfil
the second corollary (W < W, i.e. no extinction or evolution).

4. Conclusions

We cannot deny that in order to realize an experimental verification of the proposed physical frame, we must face the
completion of the theoretical model and the practical realization of an experiment that tests it.

The first problem is, given a certain living species, the identification of the subset of ecosystem parameters P that have
a heritable epigenetic effect on the species under consideration. Such identification is not easy because while epigenetics
microscopic features are starting to be elucidated, the heritability of epigenetics changes is a still largely obscure area.

The second problem concerns the difficulties of estimating the actual values of mutation rates and of m (only known for
specific laboratory conditions), and the realization of a device and/or a procedure in allowing us to vary the above-mentioned
parameters P so to force them into a periodic behavior which satisfies the CE. This oscillatory behavior should not only be
controlled but also finely tuned. It is well known that living organisms have a great adaptation ability to “external forcing”
making it very difficult to impose an external ‘periodic force’ forcing a population to evolve.

In the language of our model, it is like saying that it is very easy to fall in the third corollary but is difficult to achieve
resonance.

In summary, an experimental verification can only be operated on a very simple system under highly artificial
circumstances.
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Stimulated by explanatory aspects that our model seems to show, we hope that we can move forward in its development
solving the two problems just stated. In any case we are convinced that, even on a purely metaphorical level, the definition of
a general physically motivated model of evolution could be of inspiration for evolutionary biologists for choosing potentially
interesting observables.
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