'B. REPRESENTATION OF
. DIFFERENTIAL QUANTITIES IN
'ORTHOGONAL COORDINATE SYSTEMS

For the analysis of any partlcular flow problem, points in the spatlal ‘domain
will be located by reference to some convenient system of coordinates. The
choice of a coordinate system usually depends on the configuration of the solid
boundaries, or of the streamlines of some known part of the flow, such as the
flow outside a boundary layer. Usually the coordinates will be orthogonal, so
that three surfaces, on each of which one cogrdinate is constant, meet at right
angles at any given point. Let the coordinates be called «, §, and y. At the
point of intersection there will be an orthogonal triad of unit vectors, (@, B, v),
with o pomtmg along the intersection of surfaces of constant § and ¥y, in the
direction in which « increases, and SO on.

In general, the coordinates will not themselves be distances; the local
distance between coordinate surfaces & = a; and o = o +da is glven by the
formula dr, =h, da. This introduces the metric factor, h,. A general
infinitesimal displacement will be represented as

dr = (h, da)o.+ (hs dB)B + (b, dy)y (A29)

Variability of the unit vectors when the coordinate surfaces are curved. In
general, the unit vectors (a, B, ¥), and the metric coefficients (o, hg, hy,), all
vary from point to point. Consider, Fig. A3, an infinitesimal patch of the
surface y = constant, For the moment, we imagine the patch to be plane, and
seen in true size. You can see that B at point B differs from B at point A,
because it has rotated through a small angle d6. In fact, (9p/3B) df = —dba.
Looking at the other small triangle that involves d, you can also see that
(h, da) d6 = (3(hg df)/dx) da. Eliminating d6@ between these equations, we
find that 38/3p = —(a/h,)(3hs/ ). However, this is not the whole story for
the general case, because then the path from A to B may also be curved in the
surface a = constant, which we see on edge. Looking down the normal to that
surface, we see a picture just like the one considered above, and deduce that

FIGURE A3
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5’5/ 3B =—(v/ h-})(ahﬁ‘/a;}(); 'In_ the gehéfal 'case‘,' ,botli-t‘hé:.surfa‘(‘:eAOf Cbnstant o

‘and that of constant v are curved, and the partial effects add. Thus, =~

| ~ 8B/3B =—(a/h.)(Ohs/5a) - (v/h,)(Bhs/3Y) (A30)

- and two corresponding equations obtained by cyclic permutations of a, f,
and 7. I o ‘

We see also that § at point D differs from B at point A, because it has

rotated through a small angle d¢. A further analysis of the sketch produces the

results ’ v
| P/ = (a/hg)(3h,/3B) and  9a/df = (B/h,)(3hs/3c)  (A31)

This time, these results are complete; views of the other coofdinate surfaces
only produce the companion relationships

5v/3p = (B/h,)(3hy3Y),  3B/y = (v/hy)(3h,/3B),
80/y = (v/h.)(3h,/3a),  3v/da = (a/h,)(3h./3Y).

These results affirm that the change in any of the unit vectors that results from
~a displacement in a surface normal to that vector is parallel to the

displacement.?

The gradient operator. Let the small volume involved in Eq. (A19) be
bounded by the coordinate surfaces a = «;, o = a, + da, B =B, B=B+dp,
Y=Y, Y=v:+dy. The integral in (A19) is, to the first order of the

infinitesimal quantities da, dB, and dy, equal to :

jf = [sahg dBh, dy].itae— [sahg dBh, dy].,

+ [sBh, dyh, da]gy 45— [sBh, dyh, dalg,
+ [s¥ha daty dB),1.ay — [svha dah dpl:
Using‘ the first term of a’Ta)_{’l()r series to approximate each ‘l'ine, we get
da(sahydfh, dy),, + dB(sBh, dyh, da),s + dy(syh, dohydB),,
The corresponding approximation to the volume is V =hyhgh, dadf dy, so
we get, initially, : , ‘ ‘ |
Vs = (hahgh,) " [(ashgh,), o« + Bshyho),p + (vshohg),,]
=[(0/ha)s,o + (Blhg)s,p + (¥/hy)s,,]
+5(hahphy) ' [(0hsh,), o + (Bhyha), 5 + (Yhohs), ]

However, the cofactor of s in the last line is just V(1), and the gradient

%To see this, insert toothpicks in a small but noticeably curved part of the surface of 2 piece of
- fruit or vegetable, taking care to get each one accurately normal to the surface. Then look straight
down one of toothpicks. The others will all appear to lean directly away from that one.

-
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of any constant is zero. Th1s leaves £
VS - (a/ha)s’a' + (B/hp)s;p + (Y/hY)S’Y LR | ‘ (A32)

Insertlng this result and Eq. (A29) into (A18), ‘the indirect deﬁnltlon of Vs, we -
obtam

dr-Vs=s,adoz+s,ﬁ dp +s,,dy=ds

verifying that the Chain Rule is satisfied.
This last analysis suggests that the dlfferentlal operator, V, can usefully

be represented as
V= (a/h,) 3/3a + (B/hg) 3/3B + (v/h,) 8/3y (A33)

In many textbooks, this equaflon is taken as the definition of the gradlent
operator, and our definitions are derived as consequences.

Divergence of a vector. Evaluating the integral in (A20) with the same choice
of bounding surfaces, and noting that m-v=v, on the surface o = a; +dq,
while n - v= —v, on the surface @ = «; and so on, we find that

V= (hahﬁhv)~l[(vahﬁhy)’a + (Uﬁhth)»ﬁ + (vthhﬁ)w] (A34)
Curl of a vector. It iS easiest to calculate one component at a time, using
(A22). To get the a-component, let the curve C lie in the surface o = constant,
and be composed of the four segments shown in Fig. A.4. Note that on the
segment AB dr = hg df, and that v - dr = (vghs df3), - v The line integral is,
to the first order in infinitesimal quantltles

j“" (vphs dﬁ)yad + (Uy_hy Ay)p=pi+ap — (Vphp AB)y—y1+ay —(vyh, dY)p—p1

path of integration

¥+ dy

Yi N ' ‘ B
B Byt dp

FIGURE A4
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s ‘The area A is hﬁh d,8 dy, and the Taylor-ssenes expansm*n l adé ta the ﬁhal

: result
: «- (VXV) (h,g Y) 1[(v h,,)ﬁ (Uﬁhﬁ),yl

| The results for all three components can convenlently be collected in the
formula
- hooo  hgB  h,y
V-Xv=(hhsh,) ' |3/6a 8/6B8 8/dy (A35)
hqva hgvg  h,v,

Gradient of a vector. If the direct deﬁnit?ion, (A24), is analyzed as were (A19)
and (A20), the preliminary result is

V;v=(hohgh,) [(a; Vhgh,), o + (B; Yh,hy),p + (¥; VALhg),, ]
Again this can be simplified by expanding the derivatives of products and
noting that V(1) = 0. The result is
| V;v=(a/h,); 3v/3a + (B/hg); dv/ 3B + (v/h,); v/ 3.

When differentiating v with respect to «, we must remember to differentiate
the unit vectors as well as the scalar components. Thus

Ov/da=adv,/da + v, da/da + B Ivg/da + vg OB/ da +y OV, /a + v, 3y/da
= 0[3v,/9a + (vp/hg) Oha/OB + (vy/h,) Ohe/3Y] + B[ ] +v[ ]

where the terms yinv[ ] after B and vy follow by cyclic permutation- of indices. -
When all these results are pulled together the final result is

1 /ov, Uah
d < g8 )
Viv=gradv=i-lGe hy 3 ha (o @)

+-1—,..(f9““—~9—a" B+ (52- Zaah )( )

ho \Oa  hg 3P
e (G
M
L B2 2o
| | - (A36)

, Dlvergence of a tensor. Again the direct deﬁmtlon ylelds the computatlonally
- most useful form. Note that the surface & = a; + dov contributes aAhgh,, df dy
~ to the surface 1ntegra1 then use (A8) and remember that a(a; o) =dq,
N a(a B) B, and (x(a 'y) y, whlle o times any dyadlc in Wthh the ﬁrst
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}member is 6 or 'y equals zero The ﬁnal result is.

.
A= = A 4 h, h A Dt 5 h, h A,
V-A= de hhﬂh { (h,,h W) ﬁ( ﬁ) ( b y)
 Bh,, Ohg oh oh
- )
+h (A“f’ aB Aps aa> hﬁ(A“Y ay " da
+B{ v{ } ._ (A37)

where the terms in f§ and y come from these in a by cychc permutation of
indices.

Convective rate of change. This is given by the scalar operator (u - V), where u
is the fluid velocity. Its represéntation is simply

(0~ V) = (up/hy) 8/ 3a + (ug/hg) /3 + (u,/hy) 3/ 3y (A38)

Convective acceleration. Knowing how to evaluate du/d«, etc, we can quickly
get the result

Suy g Ohg 8h>
o h, da

d { < T4 + —
weraew =y \Ga " h, 9 " h, By
<§u_ u., oh,
h,

T )}+ﬁ{}+v{} a3

Ug (f?“_ Up ahﬁ)

Calculation of the metric coefficients. Most of the commonly used coordinate
systems are related to a 51mple rectangular Cartesian (x, y, z) by transforma-

tion equations : |
x=x(ae,,7), y=ya By, z=xafy)

An 1nﬁn1te81mal dlsplacement can be represented in either coordmate system;
the square of its length is thus :

dr*=dx*+dy*+dz*>=h%da”+ h; dﬁ2+h2dy
From the Cham Rule, dx = =X, da+x,g dﬁ +x,,, dvy, and so on. If dpB and dy
-are zero, we get :

dx*+dy” + d22 =(x,2+y,2+2z2)da*=h%dad*

From this, and the correspondmg spemal results 1f dy and de are zero, of if daf
and dﬁ are zero, it follows that v ‘

h%,'—x,f,+y,§+z,,23‘ R (A40)
B2 — ; = , DR
h x,,,+y,,,+z,,, |

For example, in sphencal pglar (R o, 4)) coordmates x = R sin 6 cos ¢,
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w -

y =R sin BTis‘iVnZ'(b, " z =R cos 6, so h?,, = ( ~R ‘si”n" ] sin’¢)2 + (R sin 8 cos ¢)2 +

(0)>=R?sin? 4.

Metric coefficients for popular coordinate systems

Rectangular Cartesian:

he=1, h=1, h,=1 (A41)
Cylindrical polar, (7, G, z)': x=rcos@, y=rsin0, z =z;
h,=1,  he=r, h,=1 (A42)
Spherical polar, (R, 8, ¢): x =R sin 0 co?;s’ ¢, y=Rsin Osin ¢, z =R cos 6;
hg=1,  h¢=R, hy =R sin 6 : (A43)
Plane elliptical, (P, ¥, 2): x/L =sinh ® cos ¥, y/L=cosh®sinW¥, z =z.
| he=hy=L(cosh> ® —sin’® )2, p =1 (Ad4)
.Plane parabolic, (&, n, z): x/L =& - n+1, y/L= 28n, z=1z;
' ! he =h, = 2L(§2 +nH", k=1 (A45)
C. EQUATIONS OF MOTION IN ‘ )

Symbols for velocity components:

~ Vorticity: .

RECTANGULAR, CYLINDRICAL, AND
SPHERICAL COORDINATES

With the formulas presented in A and B above, you should be able to work
out the form of the equations of motion in any of the popular coordinate
systems. Some of the most frequently used results are given here for easy
reference. They all embody the assumption that p and p are constants.

The representation of the viscous force per unit mass is worked out from
the formula f, = —v curl , which is convenient in many idealized analyses in
which there is only one scalar component of the vorticity. The formulas in
other textbooks can be found from these by use of the fact that divu = 0. For
the general orthogonal coordinate system, thisf{freprese’ntation 1s

S | hae  hp . my
K, =—veurl @=—v(h,hsh, )" | 8/0a 3/88 3/dy
' | | hQy hsQ hQ,
Rectangular CarteSién Coordinates

w=ux,y, z, e, + U(x‘,‘y,‘ z, t)e; + w(x, y, 2, e,

@=E(x,y, 2, e, +1(x, y, z, t)e, +L(x, 5, 2, 0e,
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where

E w,y v,, n=u,— i (. —“u,y’ i (A46)
Contmulty equation: | S N | L e
divu=u,, +v,, +w,, =0 | (A47)
x-momentum:
u,, +uu,, +ou,, +wu,, +IL,=v(n,, - §,) (A48)
y-momentum: -
v, +uv,, +vv,, +wy,, + Iiy =v(C,x—&,.) (A49)
z-momentum: | |
w,, +uw,, + vw,y +ww,, +11,, = v(E,, — M.x) (A50)
Viscous stresses: )
Toe = 20U, Ty =200, T =2uw,,
Toy = Ty = U(U,, +V,,) T, =T, = p(v,, +w,,)
Tox = Toe = P(W, +1,) (AS51)
Cylindrical Polar Coordinates .

Symbols for velocity compohents:
u=u(r, 6, z, t)e, + v(r, 6, z, t)eg + w(r, 0, z, t)e,

Vorticity: ‘ ‘
‘ Q=E(r 0,z,t)e,+n(r, 0, z,)eg + §(r, 0, z, t)e,
o ~ where o | . ’ ,
g E=rwe—v, n=u.—w, E=r{(v),~u] (AS)
Continuity equation: L | e
diva=r"(ru),, + v,g] +w,., =0 (A53)
r-momentum: 5
oy, un,, +ru, g+ wu,, —r w2+ II,, =v(n,,—r 'Ce) (AS54)
6-momentum: | | |

| 7 ’ . o U:t + u'U)r + r- 'U'U,g + Wv}z +r Ll'U +r IH)O 'V(C,,- E’Z) : (ASS)

z-momentum: ' ' R | ‘
W, +uw,, +r” vw,e +ww,, +1L, =wr 1[5,9 -(rn),,]  (A56)
VISCOUS stresses : ‘ ‘
= 2«”"‘" o Tge = 2[{" gU,e + u) 2uw,z
T = rerf B W0 U] T =TS u[r(v/r),, +r7tu ]

Wm o IZ”‘ =T = Au[wh + u7 z] : (A57) :
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L ,f‘f.'§pherlcal Polar Coordmates
Symbols for veloc1ty components
, - u=y(R, 0 ¢ t)eR+v(R 9 qb t)e9+w(R 0, ¢, t)e,,,
Vorticityf ’

Q= &(R, 0, ¢, t)egr + n(R, 9, o, t)e, + §(R, 0, ¢, t)e,
‘where S
§ = (R sin 6)"'[(w sin 6),, — Vgl  n=(Rsin @) ,, - R7Y(Rw),x

£ = R™{(Rv), 4~ 0] | (AS8)
Continuity equation: | |
divu=R"(R%),, + (R sin 6)[(v sin 0),4 +w,,] =0 (A59)
R-momentum: '
U, +u,g + R™'vu, ¢ + (R sin 60)'wi,y, — R™(v? + w?) — I0, -
= v(R?sin 6)"'[(Rn),, — (RE sin 8),6] (A60)
6-momentum: A : , |
Ve + UV, + R0, + (R sin )" 'wu,, + R uy — (Rtan 6)"'w?+ R7'1T,,
= V(Rsin0){(REsin6),,— £,] (A6L)
¢-momentum: ' ﬁ
W, +uw,r + R 'uw,q + (R sin 0)"'ww,4 + R 'uw — (R tan 0) luw
+(Rsin 0)7'IL,, = vR7I[§,, - (Rn),z] (A62)

Viscous stresses , v
TRrR = Zﬂu,R Too = 2UR'(v,4 + u)

Top =2u(R sin )" (w,, + usin 6 + v cos 0)
- Tre = TeR =u[R(W/R),x + R~ u»a]
Top = Tpo = UR ™ '[sin O(w csc 6),, + (sin 0) 7'y, ]
Tok = Trp = R[(R sin ), , + R(W/R), ] (A63)




